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6 Human sensory processing can be viewed as a functional H mapping a stimulus vector s into a

7 decisional variable r. We currently have no direct access to r; rather, the human makes a decision

8 based on r in order to drive subsequent behavior. It is this (typically binary) decision that we can

9 measure. For example, there may be two external stimuli sl°! and si'J, mapped onto A% and ! by
10 the sensory apparatus H; the human chooses the stimulus associated with largest r. This kind of
11 decisional transduction poses a major challenge for an accurate characterization of H. In this
12 article, we explore a specific approach based on a behavioral variant of reverse correlation tech-
13 niques, where the input s contains a target signal corrupted by a controlled noisy perturbation. The
14 presence of the target signal poses an additional challenge because it distorts the otherwise unbiased
15 nature of the noise source. We consider issues arising from both the decisional transducer and the
16 target signal, their impact on system identification, and ways to handle them effectively for system
17 characterizations that extend to second-order functional approximations with associated small-scale
18 cascade models. © 2010 American Institute of Physics. [doi:10.1063/1.3524305]
19

I. INTRODUCTION

20 During the past 50 years, reverse correlation has become A. Animal sensors as signal detection devices 50

21 the elective methodology for the characterization of sen-
22 sory neurons. Starting with the 1970s, similar tools have
23 been developed for probing the sensory processes medi-
24 ating vision/audition in humans. In both single-neuron
25 electrophysiology and sensory psychophysics, the domi-
26 nant model has been one where a linear filter is followed
27 by a static nonlinearity (e.g., spike generation in single
28 neurons, behavioral choice in human observers). For
29 white-noise inputs and provided this simple model is ad-
30 equate, results from reverse correlation experiments are
31 relatively easy to interpret and the linear kernel is an
32 appropriate descriptor for the process of interest. How-
33 ever, many processes operating within both neurons and
34 observers are not adequately captured by the linear-
35 nonlinear cascade model; in these instances, the linear
36 kernel characterization must be augmented by additional
37 nonlinear kernels. Methods for characterizing nonlinear
38 kernels have been developed for application with single
39 neurons, but the extension to human observers is not
40 trivial due to significant differences between the two sys-
41 tems relating to the characteristics of the sensory input to
42 the system, as well as the nature of the available output
43 from the system. We tackle this problem at both theoret-
44 ical and experimental levels, and show how some of the
45 distortions in the kernel estimation procedure that are
46 idiosyncratic to the human sensory process can be turned
47 to the experimenter’s advantage and exploited to gain
48 additional information on the process at hand.
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The most important goal of sensory processing is to 51
drive adequate behavior: the animal must process informa- 52
tion about the environment in order to take action that will 53
maximize its survival. Natural selection has produced so- 54
phisticated sensory systems, which have been conceptualized 55
in the form of signal detection devices during the past 50 56
yeeurs;”’]g’20 the application of signal detection theory (SDT) 57
to animal sensory processing still represents the most robust 58
approach for interpreting quantitative measurements of this 59
phenomenon.38 We consequently adopt SDT here without 60
questioning its applicability, while at the same time recog- 61
nizing that it may not provide an adequate description for 62
every aspect of animal sensory processing. 63

Implicit to SDT is the decision variable assumption:64 64
the animal’s decision comes in the form of a choice among a 65
set of sensory stimuli, where the choice is based on one 66
figure of merit for each stimulus. Regardless of the dimen- 67
sionality of the incoming stimulation, each stimulus is there- 68
fore mapped to a single scalar value; this value is meant to 69
reflect how likely the corresponding stimulus is to contain 70
the signal of interest. The animal then chooses the stimulus 71
associated with largest estimated likelihood. The estimated 72
likelihood is the actual likelihood if the animal operates like 73
a Bayesian device;™ if not, then it is simply some figure of 74
merit constrained by what the animal’s neural hardware is 75
capable of doing. 76

B. Output distortion: The decisional transducer 77

There is a fundamental distinction between the operator 78
that maps input vectors into scalars on the one hand, and the 79
operator that converts scalars into decisions on the other. The 80
former (which we call H) is a functional that encompasses 81
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82 411 processing layers believed to reflect general and physi-
83 ologically relevant properties of how visual processing oper-
84 ates, while the latter (which we call W) is dependent upon
85 the specific question that is asked of observers and the form
86 in which the response is acquired. Our primary interest is in
87 characterizing H, not ¥—indeed the desired goal is to char-
88 acterize H regardless of the specific W that is instantiated by
89 the chosen experimental protocol.
90 To provide a concrete example, we imagine that our in-
91 terest is in how the human visual system processes the direc-
92 tion of moving objects. We select some stimulus specifics,
93 say dots moving at a certain speed. One member of our labo-
94 ratory runs experiment 1 in which the observer sees two such
95 stimuli on each trial, and must choose which one moves
96 better (where a precise definition of “better” is irrelevant for
97 the current discussion). Another member runs experiment 2
98 in which the observer sees four such stimuli on every trial,
99 and must choose one out of four. A third member of the
100 laboratory runs experiment 3 in which the observer only sees
101 one stimulus on every trial and must judge how well it
102 moves on a rating scale from 1 to 10. The three experiment-
103 ers are measuring outputs of different kinds: binary in ex-
104 periment 1, ternary in experiment 2, on a 10-point rating
105 scale in experiment 3. These different outputs are necessarily
106 associated with different decisional rules on the part of the
107 observer, yet our hope is that the final characterization of the
108 system will be one and the same: the neural circuit used by
109 human observers to process moving stimuli. Not simply be-
110 cause we wish the ensuing characterization to be representa-
111 tive of the experiments carried out in the laboratory, but
112 more importantly because we wish it to be representative of
113 visual processing in the natural environment where humans
114 must cope with a wide range of different tasks. We therefore
115 split the description of the system into a general-purpose
116 operator (H) followed by an ad hoc decisional transducer
117 (V). We want H; the question is whether we can bypass V¥ to
118 get at it, which is one of the main concerns of this article.

119 C. Input distortion: The target signal

120 The other main concern relates to the unavoidable pres-
121 ence of a target signal. As we have detailed above, our ability
122 to measure behavior relies on querying human participants
123 and recording their response. We therefore need to pose a
124 question, and it must be well defined in order to allow mean-
125 ingful treatment of the subject. Within the context of SDT,
126 the question involves selecting a stimulus that contains a
127 certain signal, requiring us to define a signal-to-be-detected.
128 This apparently innocuous requirement has fundamental im-
129 plications for reverse correlation methodologies like the one
130 described here. These approaches rely on sensory inputs con-
131 sisting of noisy processes with unbiased characteristics, such
132 as Gaussian white noise.”’ The introduction of a consistent
133 signal source, in the form of a sensory target for the human
134 to detect, represents a significant departure from these re-
135 quirements.

136 It is legitimate to ask whether one could not simply do
137 away with the target, and ask human participants to press
138 buttons while observing pure noise (e.g., Ref. 19). This ap-
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FIG. 1. The sensory process as conceptualized here. Gray items delineate
the system of interest and the ideal setting for accessing and characterizing
it: a controlled unbiased input with elliptical symmetry (Gaussian noise
source) is mapped to a scalar output value by the functional H which cap-
tures the relevant aspects of the sensory apparatus. Our goal is to character-
ize H. When applied to human sensory processing, this framework must be
modified in two substantial ways, highlighted by the black items: (1) the
input must contain a target signal, thus shifting and biasing the input distri-
bution on the left (Sec. I C); (2) the scalar output must be converted into a
(typically binary) choice by the decisional transducer ¥ (Sec. IB). The
challenge is to characterize H despite the gross distortions introduced by
these two transformations.

proach (which amounts to an extreme version of previous
strategies where the analysis is restricted to target-absent tri-
als in yes-no tasks' %73 presents insurmountable problems.
First, it is very difficult to prompt a stable behavioral strategy
on the part of the observer because, among other reasons, no
meaningful correct/incorrect feedback can be provided (there
is no correct or incorrect answer when there is no signal).
Second, it is impossible to know whether the observer is
performing the task at all: he/she may be pressing buttons
randomly without any way for the experimenter to know,
because there is no objective manner of establishing whether
the system is detecting anything (there is nothing to be de-
tected). Third, worst and most important of all, it is impos-
sible to know whether the observer is performing a different
task from the one specified by the experimenter: observers
may perform some task and generate some form of measur-
able outcomes, but the experimenter cannot be certain as to
what task that is. These and related issues exclude the pos-
sibility that robust results may be obtained in the total ab-
sence of a target signal. Furthermore, there are situations in
which adding a target can actually increase the ability of the
experimenter to characterize a certain class of mechanisms
(see Sec. VI A). The impact of the target signal on a reliable
characterization of H is the second main concern of this
article. The two topics discussed above, introduction of a
target signal and decisional transduction, are highlighted and
summarized in Fig. 1. As emphasized in the figure, the
former affects what goes into the system (input), the latter
affects what comes out of the system (output).

D. Structure of this article

We start by fleshing out the conceptual framework out-
lined above, i.e., define the input, H, P, etc. This is done in
Sec. II where we approximate H using a Volterra functional
expansion (Sec. I B). This approximation recasts H in terms
of system kernels; within Sec. II we therefore consider one
specific way of estimating these kernels based on
cross-correlation*”%® (Sec. ITC). Only a brief overview is
given in Sec. II, to be followed by more detailed treatments
in Secs. III-V. Section III introduces some basic results re-
lating to the handling of W, i.e., how it can be bypassed to
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1-3 Human sensory processing
179 access the H kernels. We then consider issues relating to
180 first-order kernel estimation in Sec. IV and second-order ker-
181 nel estimation in Sec. V. Many of the difficulties that arise in
182 connection with kernel estimation considered in these sec-
183 tions relate to the presence of the target signal (as already
184 mentioned in Sec. I C). Finally, in Sec. VI we consider how
185 kernel estimation can be used to infer/inform the structure of
186 simple algorithms that attempt to simulate human sensory
187 processing; we do this via a combination of both theoretical
188 and experimental materials. Because the connection between
189 kernel structure and potential underlying cascade model is
190 currently best understood only for a standard set of simple
191 models,16’27’41‘86 we show how well-established nonlinear
192 models in the vision literature can be approximated using
193 these simple cascades (Secs. VI A and VI B) and then con-
194 sider relevant examples from real data (Secs. VI C-VI F). Of
195 the four data sets which we evaluate, two are easily inter-
196 preted using the tools described in this article (Secs. VI C
197 and VI D) while the remaining two present significant chal-
198 lenges for the proposed approach (Secs. VIE and VI F).

199 E. Notation

200 In treating these topics we adopt the following conven-
201 tions: vectors/matrices are indicated in bold letters, e.g., H;
202 occasionally we refer to individual elements (e.g., k) via
203 H(x;) (we do not adopt H; or H, to avoid additional sub-
204 scripting and to accommodate the : notation detailed in the
205 next line). When we index using : we take the entire corre-
206 sponding vector dimension, e.g., H,(:,x;) is a 1D vector con-
Qf'zw sisting of the m elements Hj(x;,x;) for j from 1 to m for a
208 fixed k. We denote the inner product by (-,-) and the outer
209 product by ® (we do not adopt x'y and xy" to avoid addi-
210 tional superscripting). When matrices appear as arguments of
211 (-,-), the Frobenius inner product is assumed [i.e., if A and B
212 are two matrices, {(A,B)=tr(ABT)]. Using this notation,
213 (H,(:,x;),H;) is the inner product between 1D vector
214 H,(:,x;) and 1D vector H;. ( ); stands for (ensemble) aver-
215 age over an infinite number of trials m, i.e., lim,,_.1/mX,,
216 (also (x);=(x,1/m) if x; are elements of x). The following
217 common symbols are adopted: * for convolution, * for cross-
218 correlation, and © for Hadamard (entrywise) product. We use
219 £ for matrix assignments A= B to indicate A=(B+BT)/2
220 (assign symmetry by definition to A whenever not explicit in
221 B). We adopt the digital signal processing notation for
222 Kronecker 8: §x]=1 for x=0, 8x]=0 for x#0, where x is
223 integer.

224 1l. GENERAL FRAMEWORK

225 A. Input, task, and decisional transducer

226 Our focus is on the two alternative forced choice (AFC)
227 designs (detailed below), arguably the most robust and
228 best understood experimental protocol in  sensory
229 psychophysics.20 We occasionally consider the implications
230 of response bias (Sec. III B 2) for which the 2AFC design
231 approximates a yes-no protocol. This is undesirable for a
232 number of reasons,”’ particularly in relation to nonlinear ker-
233 nel estimation.*’"”’
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In the 2AFC design, two stimuli are presented on every 234
trial: stimulus s contains the nontarget t!°], while stimulus 235
st contains the target t[!], Noise n is added to both so that, 236
on trial i, sl[.q]=ngq]+t[‘1] (g=0 for nontarget, 1 for target). The 237
statistics governing every element of n is the same across 238
stimuli and trials and is a Gaussian noise source. Some re- 239
sults (Sec. IIT A) are applicable to any circularly symmetric 240
noise distribution (see also Ref. 61), but we restrict the spe- 241
cifics of the derivations here to Gaussian noise for which 242
(n;);=0,{n(x))n;(x;));=0 for j#k and =oy=wW for j=k, 243
(1) = m(x2141));=0 for M=0,1,2..., (n;(x;)- - -n(xzp)); 244
=21I(n;(x;)n;(x;));, where ZII stands for summation over all 245
distinct ways of partitioning the 2M random variables into 246
products of averages of pairs.68 247
In line with SDT, each stimulus sl[."] maps to a scalar 248
response rE"]. This is the transformation we are specifically 249
interested in, i.e., the functional H:s—r. However we do 250
not have access to r, but rather to a binary response z; (0 for 251
incorrect and 1 for correct detection), which is generated 252
based on a comparison between rl[.l] and rl[.o]. Following SDT, 253
we make the very reasonable assumption that the probability 254
of making a correct response p(z;=1) on trial i (which we 255
abbreviate as p,) is pi=\I’(rE1]—rl[.O])=‘If(ri). We can make a 256
number of statements about W:W(0)=0.5 (the percentage of 257
correct responses should be at chance if the output of the 258
system is the same for target and nontarget), lim,_,_,, ¥(x) 259
=0, lim,_,.,, ¥(x)=1, and ¥ is monotonically increasing.;.14 In 260
this article, we use a polynomial approximation for W, which 261
is technically adequate only if W is analytic. However, with a 262
few exceptions our conclusions are not based on accurate 263
approximations of W, so they can be at least qualitatively 264
extended to nonanalytic transducers too. In practice, W al- 265
most certainly conforms to a well-behaved sigmoid curve so 266
that our polynomial approximation poses no concern. In 267
principle, the only candidate exception would be the unit 268
step function [u(x)=0 for x<<0 and =1 for x>0, not analytic 269
at 0], but it is not even approximately realizable in human 270
sensory processing due to the presence of a very significant 271
amount of internal noise.® No deterministic transducer can 272
therefore be operating in the human observer, requiring that 273
W be specified statistically to reflect the characteristics of the 274
internal noise source. We can capture V' adequately using a 275
relatively shallow Weibull function, cumulative Gaussian 276
function, or hyperbolic tangent (any of these choices would 277
be appropriate here). When we approximate V' near its oper- 278

ating point 7=(r;); using 279
d
Vi(r) = 2 W=7y, (1)
d=0 280

we do not necessarily use ¥'? to indicate local derivatives as 281
in the Taylor series, but the coefficients that minimize 282

f N =P (W(r) = W) dr (2) 283

subject to the inequality constraint 284
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FIG. 2. (Color online) Realistic characterization of W. (a) Gray trace shows
a plausible distribution for r, the differential output generated by H, as-
sumed normal (/) in line with SDT. Black trace presents a plausible char-
acteristic for W in the form of a cumulative Gaussian function with a stan-
dard deviation of 1.3; this corresponds to the most basic 2AFC decisional
rule (choose stimulus with largest associated output) corrupted by a veridical
internal noise source (Ref. 49). Green trace shows first-order approximation

\IA’I to W, red trace shows second-order approximation [see Eq. (1)]. (b)

Explained variance for first-order approximation \IAfl within the range
spanned by N as a function of input d’ [before the addition of internal noise
(Ref. 49)] and internal noise. Green region indicates acceptable range for

‘f’l, defined as explained variance >90%. Red region indicates range for

which second-order approximation \ffz is markedly superior to ¥ 1, defined
as explained variance for the former exceeding the latter by 10%. White
lines delimit the typical region for humans corresponding to a 2AFC correct
performance between 65% and 85%.

Jd 4
a—‘l’j(7+ r,0)>0,re(-2,2) (3)
R

285

286 for a specific choice of approximation order d, parametriza-
287 tion 6, and mean response 7, where r is in units of its ex-
288 pected standard deviation across trials and AM{(x) is the nor-
289 mal distribution. The minimizer in Eq. (2) is weighted by N
290 to target the operating range for r, which we assume to be
291 normally distributed following the standard practice in
292 SDT;% Equation (2) is therefore ((‘I’(r,-)—‘f’g(ri))z)i written
293 as expectancy. The requirement in Eq. (3) enforces positive
294 monotonicity on W within the range of interest (*2 standard
295 deviations around 7), which is theoretically necessary to en-
296 able meaningful treatments of the mapping from stimulus to
297 percept.14

298 Figure 2 uses the approximation in Egs. (1)—(3) to dem-
299 onstrate that given current experimental knowledge relating
300 to W, approximations of low-order (sometimes as low as
301 linear) are often adequate for our purposes. Figure 2(a)
302 shows plausible examples of what ¥ may look like and
303 where NV(r—7) would have to be located with relation to it in
304 order to generate 75% correct responses, which is a typical
305 choice for threshold performance;m’46 V¥ is modeled as a
306 cumulative Gaussian function centered at 0 with standard
307 deviation 6,. Corresponding first- and second-order ¥ ap-
308 proximations are shown in green and red, respectively. Fig-
309 ure 2(b) plots the explained variance for different values of
310 internal noise (6;) and input d’ (Ref. 49) (7); the specific
311 choice shown in (a) corresponds to the white cross in (b).
312 The green region indicates acceptable first-order approxima-
313 tions; it can be seen that this region extends to most of the
314 “physiological” range (defined here as the range of 65%—
315 85% correct performance and bracketed by the white con-
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tours). However, there is a substantial portion of this range 316
for which a second-order approximation is preferable (red 317
region). Throughout this study we therefore consider both 318
first-order and second-order approximations to ¥, depending 319
on which one is necessary to demonstrate specific results. 320

B. Volterra expansion of 7+

We approximate
. 40,50,68
expansion,

321

322
323

‘H using an adapted Volterra

(4)

)= 2 (H,, @d(S[(’J»,
d 324
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where ©,4(jy, ... .js8)=Ils(x; ) is the dth degree monomial
matrix of s (same feature mapping used by polynomial clas-
sifiers in machine learning15’70). For example, ®,;=s and
0,=s®s. H, therefore enjoys symmetry by definition. Equa-
tion (4) can be viewed as a generalization of the Taylor series
to several variables.*' From an experimental viewpoint, our
interest is restricted to second-order approximations because
higher-order kernel characterizations are impractical (previ-
ous work has shown that reliable characterizations of H,
require at least 6—10k trials per human observer,”’ already
approaching the upper limit for feasible projects on a size-
able number of participants). We occasionally approximate
to third-order [e.g., Eq. (20)] to study the impact of third-
order system kernels on lower-order kernel estimation.
Readers familiar with Volterra expansion will recognize
that Eq. (4) should be expanded using convolution;'"®®
please refer to Sec. IIIl B 3 for details on why the psycho-
physical variant can be equivalently expanded using inner
products. Different from the output of the convolution-based
expansion, which is ordinarily expressed as a time-varying
function,” the output of Eq. (4) is a scalar (the decision
variable): it generates a static snapshot from the underlying 346
dynamic behavior of the system.36 The lack of temporal dy- 347
namics for the output does not preclude characterization of 348
the temporal dynamics associated with the sensory process 349
that analyzes the input (see Fig. 9 for relevant examples); 350
however, it represents an important limitation on the experi- 351
menter’s ability to constrain the resulting characterization.”” 352
The issue is one of resolving power: because we only acquire 353
a binary response from the human participant for every tem- 354
poral segment of the stimulus that we present on every trial 355
(and we assume that the process is static from trial to trial), 356
our ability to resolve the temporal scale of the output is 357
poorer than our ability to control the temporal scale of the 358
input. 359
Alternative experimental protocols have been attempted 360
in which a response is acquired from the participant at any 361
time during a long stimulus presentation,“’“’72 but these 362
methods have not afforded higher temporal resolution of the 363
resulting system characterization (in some cases the reso- 364
lution seemed lower, see Ref. 50 for a discussion of this issue 365
in relation to a comparison between Refs. 11 and 53); even if 366
somewhat higher resolution is obtained by prompting fast 367
responses, it is then difficult to know whether the observed 368
effects are due to perceptual or motor preparation.73 The 369
limitation in resolving the decisional output at high temporal 370
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1-5 Human sensory processing
371 resolution derives from at least two factors: (1) the intrinsic
372 timescale of the read-out process supporting behavioral de-
373 cisions (the “psychological moment”) is expected to lie in
374 the ~200 ms mnge;85 (2) the motor act by which humans
375 convey a perceptual decision is inherently noisy on the range
376 of 200-500 ms (e.g., Ref. 72). Because of these and poten-
377 tially other factors, there is an intrinsic limit to the temporal
378 resolution at which behavioral decisions can be accessed ex-
379 perimentally; this limit is likely to exceed the temporal scale
380 at which most sensory detectors operate. Nevertheless, the
381 temporal dynamics of the perceptual process can be esti-
382 mated at higher resolution by modulating the temporal prop-
383 erties of the input on a finer scale; we discuss a relevant
384 example in Sec. VI E (see also Ref. 50).
385 The above-detailed limitations become less relevant if
386 we transition from low-level sensory processing on a scale of
387 ~20-200 ms to higher-level cognitive processing on a scale
388 of ~2-20 s (generically referred to as learning). The non-
389 linear dynamics (sometimes chaotic®) of this class of phe-
390 nomena has been characterized using a variety of methods,?
391 including nonlinear kernel estimation:* examples come from
392 a wide range of psychological functions such as manual
393 tracking,24 handwriting dynarnics,23 associative memory,45
394 visual illusions,”"">" decision rnaking,28 prediction of event
395 sequences,23’43’56’74 and even cognitive development.81 In
396 these experiments, the output is sampled at a temporal reso-
397 lution comparable to the modulation applied to the input, but
398 the associated temporal scale is typically two orders of mag-
399 nitude greater than the relevant scale for sensory signal de-
400 tection. Furthermore, it is unclear whether the critical param-
401 eter for the dynamics of these phenomena is time per se or
402 rather the occurrence of a cognitive event: first-order kernels
thos for priming (a form of short-term memory) decay as a func-
404 tion of the number of sensory events,”’ to some extent inde-
405 pendent of event duration, similar to other memory
406 phenomena.45 These cognitive processes are no doubt inter-
407 esting but they fall outside the focus of interest for the
408 present article, which is primarily on phenomena that ap-
409 proach the maximum affordable temporal resolution at which
410 behavior can be accessed for empirical measurement. In Sec.
411 VI F we consider an application to visual adaptation, a pro-
412 cess that belongs to the class of dynamic phenomena which
413 operate on a significantly longer timescale.

414 C. Kernel estimation via cross-correlation

415 Following the established methods,” first-order kernel
416 estimates can be expressed as

H = (28¢g-z]- AP,
417 q.z

. 1
HY=~(pnl),, )
418 p

A 1
H[Q»O]:— 1= in[tI] i
o 0= ()

420 where 3, =3 (;:02;:0 and p=(p;);. Expressed this way, ﬁ[l"’ﬂ
421 is the expected value of nl%! when restricted to trials on
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which the observer responded z (see Ref. 3). Second-order 422
kernel estimates can be similarly expressed as*’? 423
Hy=2 2d¢-<]- DE-H o B, (6)

4z 424
where 425
N 1
Alel= = in[q] ® nl4 .
2 §<P i i > 426
. (D 427
Al - — ¢ = . nl9 @ nl4! .
2 1— §<( p) i i > 428

It is clear from the subtraction term in Eq. (6) (involving ﬁl) 429

that ﬁ2 represents a differential covariance matrix. In prin- 430
ciple, there appears to be no obvious reason why one should 431
not simply compute the differential second-order moment 432

2,.(2dq-2]- l)ﬁ[zq'Z]; this would seem a more natural 433
choice to keep in line with established practice.40 We show 434
later (Sec. V B) that covariance is a more robust estimator of 435
H, under certain conditions, thus motivating the correction 436
term in Eq. (6). We also introduce the following notation for 437
estimates obtained from target versus nontarget stimuli, re- 438
spectively: 439

0= @dz-1]- DA,
z 440

=3 (20z] - DH.
z 441

Clearly, fI1=fIEl]+fIEO]. We define I:Igl] and I:I[Zo] similarly, 442
ie., using Eq. (6) restricted to g=1 or ¢=0 so that H, 443

il [lol
—H2 +H2 . 444
The following expressions are immediately derived from 445
those listed above: 446
i) - P g )
1-p 447
flo - W _ P gl
l-p 1-p 448
hlY @ file0 = - — P _flen g f{let], 9

where I is the identity matrix. From Eq. (8) we expect first- 450
order subclass estimates from correct and incorrect trials to 451
be scaled versions of each other, where the scaling factor is 452
determined by the relative percentage of the two trial types. 453
This result is known.? Equation (9) shows that a similar scal- 454
ing factor applies to second-order subclass estimates, al- 455
though with an additional diagonal term. From these equa- 456
tions, we can readily derive the following useful expressions: 457

(10)
458
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i 1 . .
2 (2dq-z]- DHE = —— @ -HP), ()

459 0z p
Al A 1-2p .
E (2dq-z]- I)H[lq’”] ® H[lq,z] = —_Z(H[ll’l]
460 q.z (1 - p)
461 o H"-H" o H), (12)

462 where Eq. (12) refers to the covariance correction term in
463 Eq. (6). It will be relevant for further treatment of this term
464 (Sec. V B) that the factor 1-2p/(1-p)? is negative because
465 p> 1.

466 D. Experimental cross-check

467 We need to check that the framework detailed above
468 works well in real applications, because it forms the basis for
469 all subsequent analytical treatments of behavioral kernel es-
470 timation presented here. To appreciate the importance of pro-
471 viding a cross-check, consider Eq. (5): this is different from

472 what is actually done when computing I:I[lq’l] in the labora-
473 tory. Suppose we are computing I:I[ll’l]; in the laboratory, we
474 collect say 10k trials on a given observer, and select the
475 subset of those trials on which the observer responded cor-
476 rectly (z=1). We then select the subset of noise fields on
477 which we presented the target (¢g=1), and average only these
478 noise fields. This is not a probabilistic procedure; if we were
479 to write it down, it would look more like

o A=) i ea, (13)

481 where A, is the indexing subset for trials corresponding to
482 response z given a specific finite collection of trials out of all
483 possible trials otherwise indexed by i. In Eq. (5) the average
484 is taken over this infinite set of all possible trials, weighted
485 by p;. We cannot actually compute Eq. (5), not even approxi-
486 mately for a finite number of trials, because we do not have
487 direct access to a description of p; (i.e., ¥). We therefore
488 need to check that we are on solid grounds when abstracting
489 from Eq. (13) to Eq. (5) to ensure that our analytical results
490 can be transferred back to the laboratory.

491 We can attempt a cross-check of this kind by verifying
492 the empirical applicability of Egs. (8) and (9), which are
493 directly derived from Eq. (5), to data sets from our labora-
494 tory (detailed in Refs. 50 and 51). These equations involve

495 kernel estimates for incorrect (I-AIE;”O]) and correct (I:IEi"’l]) tri-
496 als, which we can measure from data using Eq. (13), and the
497 percentage of correct responses p, which we can easily esti-

498 mate for a given experiment. We write Eq. (8) as I:I[lq’o]

499 :kI:I[l"’l], and compute the scaling factor k either by linear
500 regression between I:I[l"’o] and I:I[l"’l], or from —p/ 1 -p as pre-
501 scribed by Eq. (8). If this equation is correct, we expect the
502 two estimates to match. Figure 3(a) plots the scaling factor
503 computed using method 1 on the abscissa versus method 2

504 on the ordinate. Figure 3(b) plots the same for ﬁ2 after ac-
505 counting for the additional term Iw/1-p in Eq. (9). For both
506 first-order [panel (a)] and second-order [panel (b)] kernel es-
507 timates, we have that the measured scaling factor on the
508 abscissa falls between the expected value on the ordinate
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FIG. 3. (Color online) Experimental cross-check for Egs. (8) and (9). Ab-
scissa plots the linear regression coefficient (scaling factor) for kernel esti-
mates from correct vs incorrect trials for first-order kernels in (a) and
second-order kernels in (b). Ordinate plots the corresponding predictions
computed from the percentage of correct responses (estimate for p) using
Egs. (8) and (9). Solid symbols refer to target estimates (g=1), open sym-
bols refer to nontarget (¢=0); for these experiments, tl91=0. Black and blue

symbols show data for the luminance and texture experiments detailed in A#109

Ref. 50; red and yellow symbols show data for the spatial uncertainty ex-
periments involving bright and dark-bar detection detailed in Ref. 51. Color
saturation for the latter data set reflects spatial uncertainty (more saturated,
less uncertain). Symbol size scales with kernel SNR [Eq. (14)]. Green sym-
bols refer to the average of 100 iterations of a simulated L(N) model; in-
creasing symbol sizes (correlations) were obtained by increasing the number
of simulated trials per iteration from 100 to 102 400 in logarithmic steps. In
(b), circles refer to coefficients computed from the entire second-order ker-
nel, squares only to near-diagonal region (see Sec. II D). (c) and (d) replot
the data from (a) and (b) with SNR on the abscissa and the ratio between the
two values in (a) and (b) on the ordinate.

(when points fall on the solid unity line) and O (when points 309
fall on the vertical dashed line). Does the latter trend reflect 510
a failure of Egs. (8) and (9)? Not necessarily, because a value 511
of 0 on the abscissa is expected for noisy kernel measure- 512
ments (see green symbols showing simulated results where 513
less trials were used as proxy for less reliable measure- 514
ments). In particular, according to this interpretation we ex- 515
pect that scaling factors near O would correspond to lower 516

kernel signal-to-noise ratios defined as 517
. dN(HZ, 1/m)
SNRH,) =———7F—, 14
(H,) W 14) .

where d can be 1 or 2, m is the full dimensionality of ﬁd 519
(i.e., the inner product in the numerator is simply the mean 520
square), and N is the number of noise fields that went into 521
computing ﬁd. Equation (14) extends the standard definitions 522
of SNR (e.g., Ref. 46) to second-order kernels. Symbol size 523Q:
scales with SNR in Figs. 3(a) and 3(b); particularly in the 524 #5
case of first-order kernels (a), it is clear that smaller symbols 525
are closer to the vertical dashed line, while bigger ones are 526
closer to the solid unity line (in conformity with the expec- 527
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528 tation detailed above). This trend can be exposed more
529 readily by replotting the data as done in (c), where the ordi-
530 nate plots the ratio between the two quantities in (a) and the
531 abscissa plots the arbitrarily rescaled SNR. Equation (8) pre-
532 dicts that points should fall on the horizontal solid line; panel
533 (c) shows that they asymptote to this value as SNR grows
534 [all data sets show a significant positive correlation p
535 <0.01 with the exception of the texture data set (blue),
536 which is only marginally significant at p=0.06].

537 Results for second-order kernels [panels (b) and (d)] re-
538 quire a slightly more involved analysis. When the entire ﬁ2
539 kernel is considered (circles), Eq. (9) holds for all data sets

540 and kernel subtypes [I—AIEI] (solid) and I-AIEO] (open)]. There is
541 also no clear dependence on SNR (p>0.05 for all data sets).
542 This analysis treats diagonal and nondiagonal regions of the
543 kernel in the same way, but there are good reasons for in-
544 specting them separately: (1) the diagonal region corre-
545 sponds to differential variance, rather than covariance; (2)
546 Eq. (9) contains a term that specifically affects the diagonal
547 alone; (3) one of the simplest cascade models used in neuro-
548 science applications, the Hammerstein model” (see Sec.
549 IV B), predicts second-order modulations only within the di-
550 agonal region.%”‘”’86 These issues are highlighted by the
551 square symbols in Fig. 3(b), which refer to the kernel region
552 immediately adjacent to the diagonal (corresponding to 1°s in
553 the matrix M()c,,,xsc)é 8 v—£&-1]). For this region, the mea-
554 sured scaling factor is often close to 0 (several square sym-
555 bols cluster around vertical dashed line in b) and there is a
556 dependence on SNR similar to that observed for first-order
557 kernels (square symbols in d), although only for dark-bar
558 (yellow) and texture (blue) data sets (p <0.005). The bright-
559 bar data set (red symbols) is particularly interesting, in that
560 Eq. (9) holds closely for both diagonal and near-diagonal
561 regions (all red symbols fall on solid lines in b and d) and
562 there is no detectable dependence on SNR (p>0.05).

563 To summarize the results from Fig. 3, in general (i.e.,
564 across the data sets presented here) Egs. (8) and (9) apply
565 well. Most departures are at least in part attributable to limi-
566 tations imposed by measurement noise, which curtails our
567 ability to verify the applicability of the predictions.

568 Ill. THE DECISIONAL BOTTLENECK AND ITS
569 IMPLICATIONS

570 A. Benchmark result: Bypassing W for Wiener
571 systems

In this section, we show that for the simple LN cascade
573 (H,=0 for d>1 and N referring to ¥) we have H,«H, and

574 ﬁ2=0. The former result is well-established (generally re-
575 ferred to as Bussgang theoremlz), the latter is specific to the
576 context explored here and differs from that obtained in stan-
577 dard applications of Lee—Schetzen cross-correlation for

578 which I:120<H] ®H1.41’86 For the system of interest r,—7
579 =(H, ,n[l]—nl[.o]> [from Eq. (4)]. We substitute it into Eq. (1)

i

580 and insert the resulting W approximation into Eq. (5),
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i) = Sl S ne]

P \a=1 j

xnl(x,) ), (15)
i 582

where the dot product term within [] has been expanded into 583
a sum for clarity. For each value of d, the term under X, 584
consists of a sum of terms of the form 585

586

a b
[H H, (x, )ni ) IT - H1<ka)n£°]<ka>]nE”(x»,
k=1 k=1

where y and v are indexing sets. These terms mostly vanish, 587
e.g., whenever a is even and/or b is odd. When they do not 588
vanish, they can be written as kH;, where k>0 because b 589
must be even. Equation (15) can therefore be rewritten com- 590
pactly as 591

ﬁ[ll’l](xy) =wH(x,), 592

where w; does not depend on v (note that we are implicitly 593
exploiting the circular symmetry of the input noise source 594
here; more generally, this result depends on elliptical 595

symmetr o, fIEO’l] follows a similar expression except ngl] 596
[0

and —n; " are swapped, leading to a sign inversion, 597
H(x,) = - 0 H(x,). 508
We then have from Eq. (10) that H, o H,. 599
Following a similar procedure for I:IZ, we have 600

. 1/ <
Hy e, x) = —( 2 W[Z H, (x)) () - n,[-"](x,-))]d

P \d=1 j 601
a0 xg) )
i 602
where the terms summed under X, are of the form 603
a b
TTw, ey )00 )T = By G ), ) {0l e, )0l ).
k=1 k=1
(16) 604
Using the same logic adopted for I:I[ll’l], we obtain 605
H M=HYU= o, H, @ H,, (17) go6

where there is no sign inversion between fl[zl’l] and 131[20’1] 607
because both ¢ and b must be even for terms not to vanish in 608
Eq. (16). Substituting into Egs. (11) and (12) and then Eq. (6) 609
leads to ﬁ2=0. This result applies for any polynomial expan- 610
sion of ¥ and here it is referred to as the “benchmark” result. 611

Later in this article, we demonstrate that kernel subclass 612
estimates show strong target-related modulations, a result 613
that has been experimentally observed on numerous occa- 614
sions for first-order kernels."***"*">%2 This observation 615
leads one to question whether it may not be advisable to rely 616
exclusively on target-absent estimates Ijl[lo] and H”. This 617
option may be available (depending on whether t7=0 and 618
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619 the amount of data is sufficient to afford curtailing it) for I:II

620 because it does not violate the benchmark result; however, it

621 is not viable for ﬁ2 because in this case I:I[ZO] #0, even
622 though H,=0 (thus violating the benchmark result), as ap-
623 parent from the above demonstration [Eq. (17)] that H,=0
624 results from I:IEI’I] and I-AIEO’I] canceling each other out in Eq.
625 (11). If H, is computed by omitting either one (as in I:Igo]),
626 the benchmark result does not hold any longer. I:I[zo] is there-
627 fore inadequate for the purposes examined here because it is
628 largely affected by the decisional nonlinearity which (as dis-
629 cussed in Sec. I B) we are trying to circumvent in order to
630 characterize H.

631 B. Handling peridecisional operators (those applied
632 right before choice)
633 1. Assimilation of nonlinearities into W
634 Given the framework pi=‘I’(H(sEIJ)—H(sl[.O])) (Sec. IT A)
635 and associated benchmark result (Sec. IIT A), there are con-
636 ditions under which H can be augmented by applying an
637 operator ® to its output r; without altering our analysis in
638 any significant way. The theoretical interest in this question
639 stems from a number of considerations (see below), but
640 chiefly from the possibility that peridecisional (i.e., immedi-
641 ately preceding the psychophysical choice) static nonlineari-
642 ties may be incorporated into W so as to extend the applica-
643 bility of the benchmark result to H systems that are not
644 strictly linear. To provide an example of how this analysis
645 may be applied, we start with a noiseless system, i.e., W(x)
646 =u(x) (deterministic choice transducer—see Sec. II A), and
647 the application of a plausible static nonlinearity ®; by plau-
648 sible we mean that it is strictly monotonic and continuous
649 within the operating range of r (see also Ref. 14). We can
650 then easily incorporate @ into W \P(CD(H(S[I]))
(I)(H(s[o]))) ‘I’(H(sm) H(s[o])) It is easy to see why this
652 51mple result, also known as Birdsall’s theorem,”>** applies
653 in the noiseless case: ®(y)—P(x) preserves the sign of y—x,
654 which is the only determinant of choice under a noiseless V.
655 We then have that the benchmark result applies even though
656 the system was not written as linear-W because its output is
657 identical to the linear-'W version.
658 The extension to the noisy case is not trivial, unless ® is
659 applied after the internal noise source in which case Bird-
660 sall’s theorem still applies. If applied before, our goal is
661 W(O(H(st) —D(H (™)) =T (H (! ) - H (™), where &
662 hopefully retains the same overall characteristics as W
663 [7(0)=0.5, lim,_,_., ¥(x)=0, lim,_., W¥(x)=1, monotoni-
664 cally increasing, see Sec. Il A]. This is rarely the case;
665 consider for example ®(x)=¢*. The map (FH1-A%)
666 — (e’[l]—e’[o]) is not injective, so it is not possible to specify
667 a unique W on /=% this, in turn, means that the bench-

668 mark result is not applicable and ﬁ2 # 0 for sizeable internal
669 noise.

670 2. A notable example: Response bias
671 The critical requirement specified in Sec. III B 1 is that a

672 unique W can be identified. We now consider its implications
673 for what is perhaps the most significant source of artifactual
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FIG. 4. (Color online) Response bias violates the benchmark result. The
latter is demonstrated in (a) and (b): for a simulated system output (H,,s)
subjected to the decisional transducer ¥ [modeled using the unit step func-

tion u(x)], we obtain H,H, (compare blue shading, which shows *1  AQ:
#20

standard deviation on ﬁ1 for 100 simulations of 100k trials each, to black

trace for H,) and ﬁ2=0 [panel (b)]. Black/blue traces in (a) are plotted to
the zero line indicated by the black dashed horizontal line, while light-red

shading [corresponding to H, slice indicated by oval in (b)] is plotted to the
zero line indicated by the red dashed horizontal line. In the presence of
response bias [panels (c) and (d)], modeled as the application of a static
nonlinearity (e*) to the output from one of the two stimuli (randomly choos-
ing between s[°! and s!!J on each trial), the benchmark result no longer holds

for ﬁz, which is now #0 (d) and more specifically «H, ® H, as expected
from theoretical considerations (see Sec. Il B 2). Filter amplitude has been
arbitrarily rescaled for each curve/surface, but using the same scaling factor
for a given curve/surface between the top and bottom rows, so as to allow
direct comparison between biased and unbiased kernels.

results in human psychophysics: response bias (see Ref. 69 674

for a recent example). Response bias can introduce nonlinear 675
distortions, potentially leading to I:IﬂﬁO even though H, 676
=0. We can model response bias as the application of a non- 677
linearity to the output from one of the two intervals before 678
both outputs are combined and submitted to W for choice 679
behavior. This procedure warps the L(N) layer into a mixed 680
LN(N) plus L(N) cascade, where N cannot be assimilated 681
into (N) using the result in Sec. III B 1 (see below). For this 682
combined cascade (which stands for H +bias rather than H 683
alone), we know that the effective H,# 0 and therefore I:IZ 684
#0. 685

To demonstrate this result, it is sufficient to rewrite the 686
decision variable as r; —<D(r]]) r[o] on half the trials i, 687

1] 6gg

CD(r[ ]) on the remaining half. We cannot assimilate CD 1nto 689
v because the map (A1—rA) — (B - A%) is not injec- 690
tive, i.e., it is not possible (in general) to rewrite the process 691

(when t!! is presented in the dlstorted interval) and r; =1

using only one ¥ (Sec. III B 1). If we then compute H, from 692
the i, trials, it will expose the H, kernel from the Wiener 693
system ®(r), which is of the form H; ® H, [see Ref. 41 and 694
Eq. (17)]. The same structure is exposed when computing 695
from the i, trials, thus biasing ﬁz. This result is easily dem- 696
onstrated via simulation, as shown in Fig. 4; notice the clear 697
H, ® H, structure for ﬁ2 [panel (d)]. 698

It is important to emphasize that the result detailed in the 699
previous paragraph applies regardless of the presence/ 700
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701 absence of internal noise [i.e., even if W(x)=u(x)], because
702 the map (rH'—/%) — (D(A)— /%)) will in general not be
703 homomorphic with respect to the order relation, i.e., y>x
704 does not necessarily mean that y > ®(x) [D(x) =€ provides a
705 useful example], leading to a different choice from /- /0]
706 depending on the specific values of I and %), In this sense,
707 response bias implements a more pervasive distortion than
708 the symmetrically applied nonlinearity discussed in Sec.
709 III B 1. The simulated results in Fig. 4 refer to a noiseless
710 system.

711 Response bias is a well-known issue in psychophysical
712 experiments where only one stimulus is presented on every
713 trial (either s or si' randomly), and the observer is re-
714 quired to report on which one he/she pelrceived.20 This class
715 of experimental protocols, known as yes-no, should be
716 avoided whenever possible. AFC protocols, when imple-
717 mented effectively, eliminate bias. This goal is achieved well
718 in the case of spatial AFC designs, where, for example, sl0]
719 or st!) appear simultaneously on opposite sides of the screen
720 and the observer is asked to indicate which side contains st'l,
721 There are situations, however, when spatial AFC designs are
722 not viable (e.g., auditory experiments); in this case, the
723 choice is between first and second intervals, for which some
724 bias may be expected.89 A powerful method for reducing bias
725 in these instances is to provide the participant with trial-by-
726 trial feedback (correct/incorrect), which tends to make the
727 observer/listener converge toward a near-optimal (bias-free)
728 strategy.

729 3. Formulation of end linearity as inner product

730 When the last linear stage in H is linear, it can be written
731 as an inner product regardless of how it is formulated.™ This
732 result is a direct consequence of the decision variable as-
733 sumption (Sec. I A): H must return a single scalar value as
734 argument to ¥, whatever the dimensionality of the vector
735 returned by the previous stage. If we call this vector r, and
736 we map it to scalar r via a linear transformation, we can
737 always write r — r as (g, r) for some appropriate choice of g.
738 Any preceding linear stage is similarly assimilated into a dot
739 product, which allows us to rewrite the Volterra expansion in
740 Eq. (4) using (-,-) rather than * (as originally formulated by
741 Volterra*"®®). To see this explicitly for a second-order Volt-
742 erra  operator, first we can write its output using
743 convolution,40

744  r=H,*s+H,*(s®s).

(18)

745 We must now apply r — r so that we can submit the output to
746 W for choice behavior (see above). When we express H this
747 way, we can always rewrite its output either using Eq. (18) or
748 equivalently Eq. (4),

(8.H  *s+H,* (s ®5)) = (Hy.8) + (Hy(s © 5)),

749 (19)

750 where H,=H xg [for d=2 Hy(x,,x¢)
751 :Ejl-vlz(xj_,,,xj_g)g(xj)] and * has been replaced by (-). Be-
752 cause in general we have no direct access to g, the two for-
753 mulations are indistinguishable; our access is restricted to H,

this  is

754 in the form of I-id (with associated limitations, e.g.,
755 Sec. IV A).
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C. The -(N) notation 756

Taken together, the two simple results detailed above 757
(Secs. IIT A and II B 1) allow us to bypass the decisional 758
transducer ¥ and access H using established tools from non- 759
linear systems analysis. First we focus on the most basic 760
system: linear (H,=0 for d>1). If we were reading off H 761

directly, we would expect ﬁ2=0 (as well as ﬁl o«H,). Due to 762
the presence of W, we are effectively monitoring the output 763
of a Wiener linear-nonlinear cascade where the static nonlin- 764
earity is introduced by W. As mentioned earlier, the standard 765

applications of nonlinear kernel analysis return ﬁ2MH1 766
®H, for this cascade system.41 Our goal is to develop an 767
estimation strategy for H, that bypasses W, i.e., one in which 768
we can treat the linear+W system as simply linear and obtain 769

ﬁ2=0. This benchmark result is achieved by Eq. (6) (see 770
Sec. IIT A). Later in the article (Sec. V), we show that Eq. (6) 771
also approximates H, when #0, although distortions may be 772
present. From Sec. III B 1 we also have that under restricted 773
conditions, the application of any number of plausible ® late 774
transducers does not impact our discussion, thus extending 775
the generality of the benchmark result. We indicate the by- 776
passing of W by bracketing the end-nonlinearity in cascade 777
model formulations of H: for example, if we assume a Ko- 778

renberg LNL model (a cascade consisting of a linear filter, a 779Q:

static nonlinearity, and an additional linear filter, see Sec. 780 #8
IV C) for ‘H, we indicate this model as LNL(N) where the 781
end decisional nonlinearity is bracketed to indicate that it 782
does not affect our treatment of the subject. This approach 783
allows us to apply the known results for LNL cascade 784
models*4!86 directly to H (Ref. 50) (see, for example, 785

Sec. VID). 786
IV. FIRST-ORDER KERNEL ESTIMATE 787
A. Nonlinear distortions 788

For H linear, we know that I:I] o«H, (Sec. III A). For a 789

nonlinear system, the main distortion on H; is introduced by 790
the presence of the target signal, regardless of W; we can 791
therefore demonstrate this result analytically using a simple 792
linear approximation to W. We also ignore kernels of order 793
higher than 3 (H,;=0 for d>3). Given these approximations, 794

we have e
e (x,) = S 3 ¢lal
H{7H(x,) = =¥V (2g - D[H, +2(H,(x,,:),tl))

P 796

+3w(Ha(x,, 5, 2),1) + 3(Hj(x,,0, 1), 4] 297

® th]. (20) 798

Readers familiar with Wiener orthogonalization will recog- 799

nize that the term 3w(Hj;(x,, : ,:),I) can be avoided by rede- 800

fining I—il as a Wiener (rather than Volterra) kernel estimate.”” 801

This distinction is not interesting in the present context 802
mainly for two reasons. First, in most applications we as- 803
sume H;=0 for d>2;47’50 in this case, there is no distinction 804
between Volterra and Wiener first- and second-order 805
kernels.** Second, even if we approximate to third-order as 806

in Eq. (20), only the first-order kernel differs between 807
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808 ypolterra and Wiener representations. The difference, repre-
809 sented by the term highlighted above, is negligible compared
810 to the distortions introduced by terms containing t. The dis-
811 tinction between target-present and target-absent kernels is

812 far more relevant to fll, so here we focus on this aspect of
813 the estimation procedure rather than adopting a Wiener ker-
814 nel representation. This representation is equivalent to the
815 Volterra representation‘m’86 and amounts to little more than a
816 change in notation for the purposes examined here.

817 Further distortions can be demonstrated by approximat-
818 ing ¥ to second-order (we set H;=0 to simplify calcula-
819 tions),

Al (x,) = %“””(zq ~ DIH, (x,) + 2(Hy(x,, 1), 1)]

820
4w o) [q]
+ — VY (2(H,, Hy(x,, ) ® t')
821 P
822 + <H2('xw :)’H1>)° (21)

823 The above expression also demonstrates that even if we rely
824 on target-absent estimates alone for an experiment where
825 tl01=0 (e.g., Ref. 50), we obtain

) w 4w?
HP(x,) = - Eqﬂ”Hl(xV) + ?qf@kHz(xw ).H,),

826 (22)

827 exposing a residual departure from Ijl[lo]OCHl.

828 B. Special case: Hammerstein NL(N) cascade

829 The output of a Hammerstein cascade is defined as
830 f <I)(s):26 the underlying block-model consists of a front-end
831 static nonlinearity followed by a linear filter (dynamic linear-
832 ity). As explained in Sec. I B 1, the * operation can be
833 replaced by an inner product because H must return a scalar
834 decision variable to obtain (f,®d(s)). For this cascade, we
835 have H,(x,,x) =8 v—&(®P/®D)H,(x,) and H;(x,,xzx,)
836 = [ v— & v—1](®P/PD)H, (x,), where @ is the dth co-
837 efficient in the Taylor expansion of ® (see, for example, Ref.
838 86). We consider the case t!'!=pd[7] and t{%)=0. Equation
839 (20) then reduces to

H{"(x,) = ‘%‘P(l)<H1(x,,)(l +3wd®)

840
p
841 + @Hl(xv)ts[V— To)(@P + 3Pq)(3))) ,
g2 H(x) = (03 + poydlv— 1)H, (x,), (23)

843 where w3 and w, do not depend on v. Equation (23) shows
844 that the I:I[ll’l] estimate is a signal-distorted image of Hj.
845 From Eq. (20) we also have I:I[IO’I]MHI.

846 C. Special case: Korenberg LNL(N) cascade

847 The output of a Korenberg (sometimes termed
848 “sandwich”) cascade is defined as g+ ®(f*s):>' the underly-
849 ing block-model consists of a front-end linear filter, a static
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FIG. 5. (Color online) Target-present first-order estimates (IA{[II]) for Koren-
berg systems [black traces in panels (a) and (c)] do not resemble the under-
lying front-end filter f but fxf. Data set from Ref. 50; observers were re-
quired to perform an orientation discrimination task for a stimulus divided
into center and surround. (b) and (d) show the corresponding second-order
kernel estimates. If we assume a Korenberg cascade (g, ®(fx*s)) (see Sec.

IV C), f can be estimated via H,(x;,:) indicated by red oval and replotted in AQ:

(a) and (c). Black traces show target-present first-order kernel estimates #21

(fIE']), green traces show the autocorrelation of the red traces. (e) plots the
correlation coefficient between red and black traces on the ordinate vs the
correlation coefficient between green and black traces on the abscissa for
each subject separately (different data points) and for both center (solid) and
surround (open). Error bars show =1 SEM. Traces in (a) and (c) have been
independently and arbitrarily rescaled, including sign inversion for red and
green in (c).

nonlinearity, and an additional linear stage (the nonlinearity 890

is therefore “sandwiched” in between the two linear stages). 851
We replace the end * with inner product H (Sec. III B 1), and 852
for (g, ®(f+*s)) we have*! 853
Hd(-xvl’ “e sxyd = CD(d)E g(xk)f(xk - xvl) e f(xk - xvd .

k

(24) 854
We consider the special case g=1 and ti'l=ps (t191=0), 855
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X(pf* 2 +w(f«£21)). (25) 857

The inner products do not depend on v, so we can rewrite 858
this compactly as fxf+pawsf*f2. At low SNR (small p), we 859

therefore expect ﬁ[ll]Mf *f (see also Ref. 51). 860

We can attempt to verify whether this analytical result is 861
born out by data for measurements of human texture process- 862
ing; we previously established that the relevant data set is 863
consistent with a Korenberg cascade™ (see Sec. VID for 864
details). If we assume that this was the underlying structure 865

in the human observers, we can estimate f via ﬁz(xl ,:) (see 866
Refs. 41 and 86 for details relating to this well-established 867

result) shown in red in Fig. 5(a); I:I[ll] is shown in black. We 868
expect that the autocorrelation of the red trace, shown in 869
green, is proportional to the black trace; this prediction 870
seems approximately correct for both stimulus center [panel 871
(a)] and surround [panel (c)]. To quantify the relationship 872
across observers, panel (e) plots the correlation coefficients 873
for each observer separately; the abscissa plots the correla- 874

tion between I:I[ll] and the green trace, while the ordinate 875

plots the correlation between I:I[ll] and the red trace. If IjI[ll] 876
returned an estimate of the underlying impulse response f, 877
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878 we would expect symbols to fall either below or above the
879 horizontal dashed line (0 correlation on ordinate); instead,
880 the ordinate values are no different from O (t-test across ob-
881 servers, p=0.68 for center and p=0.13 for surround). From
882 Eq. (25) we expect I:I[ll] to return an estimate of the autocor-
883 relation of f, not f itself; indeed the abscissa values are sig-
884 nificantly different from 0 (points lie away from vertical
885 dashed line at p <107 for center and p <0.01 for surround).
886 This result provides indirect confirmation of the applicability
887 of Eq. (25) to real data.

888 V. SECOND-ORDER KERNEL ESTIMATE

889 A. Basic expressions

890 By combining Egs. (1), (4), and (7) and adopting the
891 same procedure used for ﬁl, we have the corresponding ex-
892 pressions for I:Iz,

. wl 2w?
Hy = — w0 =—w(2g - 1)
893 P P

X (H2 +33 Hi(x,, :)t[q](xj)) (26)
894 j

895 for a third-order approximation of H and first-order approxi-
896 mation of V¥, and

. wl 2w?
Hy = — w0 —w W24 - NH,
897 p P

2w?
+ —v4Al LB+ Q) (27)
898 P
899 for a second-order approximation of H and second-order ap-
900 proximation of W, where

A2 H, © 3 H ()t (x) + 3 (Hy(x,0)

901 Jok

902 ® Hy (g, ) ()t (xy),

B=H, © H, +2w>, (H,(:,j) ® Hy(:,))),
903 J

C =1 (H}, 1) + 22 H;(x))(Hy(j, ), 1+ 1) + 2w(H3, 1)
904 j !

+ 3 2(Hy(x) © o))t e 4 0 M}.
j

905 (28)

906 These three terms have been kept separate to emphasize that
907 Al9l depends on ¢ (i.e., it differs for target and nontarget
908 subestimates), whereas B and C do not [i.e., they cancel out
909 in Eq. (11)], and that C oI (the quantity within [] is a scalar).

910 B. Why covariance and not second-order
911 moment?

912 If we use a second-order moment estimate ﬁ2 for H,, we
913 have from Eq. (27),

Chaos 20, 1 (2010)

H, =2 28q-z]- HHK

4,z

2 2
— _1 (ﬂq](l)HZ + 81@(2)A)’
1-p\ p p

where A=Al1—Al ig the distorting term, i.e., causing de- 916

914

915

parture from the desired relationship I:IZOCHz. We rewrite 917
this term below in a slightly different format from Eq. (28) to 918

emphasize the structure induced by t, 919
A(xv’xg) £ Hl ()CV)<H2(X§, :)3t[l] - t[0]> + <H2(xw :) 920
® Hy(xg, )t @ t1 - ¢l @ ¢l00), 921
This term is proportional to the covariance subtraction term 922
[from Eq. (21)], 923
. . 2w )\2

> 2dg-z]- DAY @ A = ( ——— | (1-2p)A.

92 p(1-p) 924

When we estimate H, using covariance [Eq. (6)], we there- 925

fore obtain 926
. 4w? 1-2p

H,=—— (\WH2 +A[2\If(2) — (P2 ——— 12 D 927
p(1-p) p(1-p)

Our goal is I:IZOCHZ so we want the expression within [] to 928
vanish. If we adopt a Taylor expansion for W, we can rewrite 929

this condition as 930
R
p(1-p) 931

At threshold (f) ~ %) this translates into the requirement 932
‘P/‘I’2~—§. For a realistic internal noise source and thresh- 933

old performance [Fig. 2(a)], we have W/ W2~ -3 at 7, which 934
is within 15% of the above target value. Therefore, by com- 935

puting ﬁ2 in the form of a differential covariance matrix, we 936
may compensate for 85% of the distortions introduced into 937
the second-order moment estimate. 938

We demonstrate this result in Fig. 6 for simulated Ham- 939
merstein (top row) and Korenberg (bottom row) cascades 940
(Secs. IV B and IV C). First-order kernels [black traces in (a) 941

and (e)] are best estimated via ﬁ[lo] (gray traces); when 942

target-present trials are included, the resulting estimates ﬁl 943
(blue traces) are distorted, as expected from Egs. (23)—(25). 944
Expected second-order kernels are shown in (b) and (f); 945
these were not simulated, but computed as predicted in the 946
absence of ¥ (see Secs. IV B and IV C). The last two col- 947
umns show estimates obtained from differential second-order 948
moments (third column) and covariance (fourth column). As 949
further emphasized by replotting diagonals in (a) and (e), 950
(see captions) second-order moment estimates ﬁz present 951
clear distortions near target position (negative dip in green 952
trace, compare with red trace). These distortions are largely 953

eliminated when computing differential covariance ﬁ2 (light 954
red), as we predict from the equations detailed above. Notice, 955
however, that some distortions persist, in particular the nega- 956
tive flanks outside the diagonal in (d) (indicated by an ar- 957
row). For a Hammerstein cascade H,(x,,x) > 8 v—£&]H,(x,) 958
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FIG. 6. (Color online) Second-order kernel estimates from differential

second-order moments (H,) vs covariance (ﬁz). Top row shows the results
for a simulated Hammerstein NL(N) cascade (f,e%) (Sec. IV B), bottom row
for Korenberg LNL(N) (e$,g) (Sec. IV C), where g is a Gaussian envelope
with standard deviation equal to %% the period of the f carrier. (a) Black
trace shows f (which is «H,), blue trace shows the first-order kernel esti-
mate, and gray trace shows the target-absent first-order kernel estimate [t[°]
was set to O for these simulations, and t[‘]=p5 (peak at center of dimension
of interest, zero elsewhere) with p selected to yield 75% correct responses].
Red/green traces plot the diagonals of kernels shown in (b) and (d). Black
trace in (e) shows H; (not f) for Korenberg, i.e., fxg. [(b) and (g)] Expected
second-order kernel structure if W is bypassed successfully (see Secs. IV B
and IV C). [(c) and (h)] Second-order kernel estimates using differential
second-order moments. [(d) and (i)] Second-order kernel estimates using
differential covariance. Plotting conventions similar to Fig. 4.

959 (see Refs. 26, 41, and 86 and Sec. IV B): no modulation is
960 present outside the diagonal in H, [see panel (b)], a charac-

961 teristic that ﬁz fails to estimate correctly.

962 VI. SMALL-SCALE ALGORITHMS

963 Cascade models like those considered in Secs. IV B and
964 IV C consist of a few processing components assembled into
965 a relatively simple circuit: they are small-scale networks. A
966 significant advantage of considering sensory processing at
967 the level of small-scale circuitry is that it affords scalability
968 across systems: Korenberg cascades can be successfully ex-
969 ploited to describe processes within the fly brain””*® as well
970 as the human brain,™ despite obvious macroscopic anatomi-
971 cal differences between these two neural structures. Although
972 their behavior can be unexpectedly complex and gives rise to
973 somewhat unexpected results (e.g., Ref. 9), it is legitimate to
974 ask whether they can provide a reasonable account of a phe-
975 nomenon like perceptual processing, which originates from a
976 large-scale neuronal assembly (the brain). A related concern
977 can be raised in connection with the Volterra cascade [Eq.
978 (4)]: given that it is empirically feasible to obtain kernel
979 characterizations only up to second-order (Sec. Il B), is it
980 reasonable to expect that this approach may yield a useful
981 description of complex processes like human vision?

982 There is really no way to answer this question outside
983 the laboratory: the ultimate and most relevant test of any
984 approach for the characterization of human sensory process-
985 ing is whether the approach is able to provide an accurate
986 reconstruction of the sensory process as conveyed to us via
987 empirical measurements. Lacking extensive experimental
988 evidence, there is no reason to prefer other approaches over
989 the one outlined above; in fact, the knowledge accumulated
990 so far suggests that this may be the most fruitful framework
991 for understanding sensory processing within limited con-
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texts, such as relatively simple detection tasks. Starting with 992
pioneering work in the 1960s by a number of investigators 993
(e.g., Barlow,5 Mountcastle44), quantitative studies of sen- 994
sory processing in humans have adopted the working hy- 995
pothesis known as the lower envelope principle (LEP). Ac- 996
cording to this notion, humans presented with a specific 997
sensory task monitor the output of only a restricted subset of 998
their available neural circuitry; this subset consists of the 999
neural components that are most sensitive for the task at 1000
hand.®? Sensitivity is defined within the context of SDT 1001
(Ref. 20) and is therefore a well-characterized concept. 1002
If we were to provide a concrete example of what the 1003
LEP translates to, we could imagine an observer who is pre- 1004
sented with moving dots and asked to detect drift in a speci- 1005
fied direction. According to the LEP, the observer bases his/ 1006
her choice not on the output of his/her entire brain from 1007
occipital to frontal cortex, but only on the output from visual 1008
cortex. Further, the LEP postulates that the observer relies 1009
not on the entirety of visual cortex, but only on the area 1010
within visual cortex that is most responsive to motion; cur- 1011
rent knowledge would indicate MT+ as being the relevant 1012
area.® Even further, the LEP would restrict the relevant sig- 1013
nals only to the subset of MT+ neurons with spatial receptive 1014
fields located within the region of visual space spanned by 1015
the stimulus, not on neurons responsive to other regions. And 1016
finally, the LEP may be interpreted to indicate that of these 1017
neurons only those responsive to the target direction would 1018
be monitored by the observer.”® Those neurons and the asso- 1019
ciated circuitry would represent the bulk of H. 1020
The view expressed above is no doubt simplistic and 1021
opens to a number of criticisms: to mention one, there is not 1022
even consensus over the notion that motion processing may 1023
be restricted to the MT region.34 However, there is convinc- 1024Q:
ing experimental evidence that it may be applicable at least 10250
within the context of specific sensory stimuli, tasks, and the 1026
experimenter’s ability to measure the quantities of interest.? 1027
The most compelling evidence in this respect dates back to 1028
the classic work by Newsome and collaborators in the 1029
19905,59 who demonstrated that the behavioral choice ex- 1030
pressed by primates in response to a visual motion task could 1031
be biased in a systematic and predictable manner by applying 1032
electrical stimulation to a restricted portion of visual cortex. 1033
For example, if the animal is asked to indicate the direction 1034
of a moving stimulus by pressing button 1 for leftward mo- 1035
tion and button 2 for rightward motion, the proportion of 1036
button 1 presses can be increased by electrically stimulating 1037
the subregion of MT cortex containing neurons responsive to 1038
leftward motion.™ Subsequent work has shown that similar 1039
results can be obtained for more complex stimuli and tasks 1040
such as face recognition.2 These studies do not provide con- 1041
clusive evidence for the LEP in its most extreme formula- 1042
tion, but they strongly suggest that weak variants may be 1043
applicable,62 for example, versions of the LEP in which it is 1044
hypothesized that the subset of neural resources monitored 1045
by the observer may only roughly correspond to the sensitive 1046
neurons with the inclusion of a number of irrelevant compo- 1047
nents, and furthermore that the extent of the envelope may 1048
depend on attention.”’ 1049
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1050 Even if one were to accept the LEP in some form, it is
1051 not clear that the relevant neural circuitry would be ad-
1052 equately captured by small-scale cascade models: again this
1053 may seem oversimplistic. However, the question of interest
1054 here is not whether the relevant circuitry actually conforms
1055 to such descriptors, but rather whether its output in the form
1056 of a behavioral choice is consistent with such descriptors
1057 within the precision afforded by the empirical measurements.
1058 When the problem is viewed from the standpoint of an algo-
1059 rithmic solution, the latter specification is critical: there is an
1060 intrinsic limit to how detailed any characterization of human
1061 sensory processing can be for detection/discrimination at
1062 threshold; beyond this limit further algorithmic distinctions
1063 are irrelevant. Currently, this limit is determined primarily by
1064 the number of single-trial choices that can be feasibly re-
1065 corded in the laboratory from a given participant, as well as
1066 the presence of a sizeable noise source that is intrinsic to the
1067 participant and therefore not under direct experimental
1068 control.*’ Both factors are integral to the process of record-
1069 ing behavior regardless of available technology, so it is un-
1070 likely that their impact will be reduced in the future (al-
1071 though it is possible to envisage, for example, that drugs may
1072 be developed to specifically reduce internal sensory noise). It
1073 is possible to obtain indirect estimates of internal noise in
1074 individual participants,lo and use these to establish an upper
1075 limit on how well different models can be expected to predict
1076 human choices on individual trials.” It then becomes an em-
1077 pirical question whether small-scale algorithms can approach
1078 this limit or not. In previous Work,SO’51 we have shown that
1079 they often do.
1080 Below we consider two examples of models that have
1081 been successful in a vast number of applications in percep-
1082 tion science, with the goal of demonstrating how they can be
1083 approximated via Korenberg cascades (already popular in
1084 neuroscience’**) and subsequently analyzed using some of
1085 the tools described in this article. We use general formula-
1086 tions to emphasize their algorithmic potential for the solution
1087 of simple processing problems on a small scale. In both
1088 cases, a nonstatic nonlinearity is approximated by a combi-
1089 nation of static nonlinearities and linear operators,30’60 the
1090 advantage of the latter being that it forms the backbone of
1091 well-studied cascade systems for which kernel interpretation
1092 is relatively straightforward (Secs. IV B and IV C). Figure 7
1093 summarizes these approximations; below we refer to them as
1094 “toy” examples to emphasize that they are model-based, not
1095 data based. We then consider four “real” examples from data.
1096 The first two examples (Secs. VIC and VID) consist of
1097 kernel measurements which could be interpreted based on
1098 the kind of approximation presented in Fig. 7; the first ex-
1099 ample is for a Hammerstein cascade, the second one for a
1100 Korenberg cascade.
1101 The third and fourth examples are in a sense counterex-
1102 amples, in that the approach outlined in Fig. 7 did not offer a
1103 satisfactory interpretation for the data. In the third example
1104 (Sec. VI E), we consider a data set for which there was no
1105 straightforward, simple approximation of the kind presented
1106 in Fig. 7; in this case, we resorted to a dynamically nonlinear
1107 model [Fig. 9(f)] that was able to capture the data satisfac-
1108 torily while at the same time retaining physiological plausi-
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FIG. 7. (Color online) Approximation of MAX uncertainty (a) and normal-
ization (c) models using Wiener (green) and Korenberg (red) cascades (Refs.
26 and 31). (a) is approximated in (b); (c) in (d). All symbols correspond to AQ:
those used in the main text; see in particular Secs. VI A and VI B. #23

Input

bility. This example in particular demonstrates how the util- 1109

ity of kernel characterization is not restricted to small-scale 1110
static approximations of dynamic systems; the information it 1111
provides can be effectively used to constrain plausible dy- 1112
namic models. The fourth example (Sec. VI F) makes a re- 1113
lated point but from a different perspective: it shows how 1114
dynamic nonlinearities that occur on a relatively long time- 1115
scale (perceptual adaptation in this case) can be approached 1116
by treating each dynamic state as static on the much shorter 1117
timescale of the experimental characterization, and by induc- 1118
ing and characterizing different dynamic states separately 1119
one at a time. In the specific case of stereo motion adaptation 1120
considered in Sec. VI F, we used reverse correlation to esti- 1121

mate I:II kernels after prolonged viewing of an adapting 1122
stimulus containing moving elements at specific 3D posi- 1123
tions, and compared them to kernels obtained in the absence 11 ?1:
of adaptation. The adaptor caused the system to shift onto a 1125
new perceptual state; we were able to measure specific sig- 1126

natures of this shift at the level of the I:II kernels. Although 1127
these measurements in isolation are not able to capture the 1128
highly nonlinear and nonstatic nature of perceptual adapta- 1129
tion, they can be combined to generate an informative pic- 1130
ture of the overall phenomenon at a greater level of detail 1131
than afforded by measurements that do not rely on kernel 1132
estimation (see Ref. 54 for the specific rationale behind this 1133
statement). 1134

A. Toy example 1: MAX uncertainty model 1135

The MAX uncertainty model® [Fig. 7(a)] can be ap- 1136

proximated using a Korenberg cascade [Fig. 7(b)] by ex- 1137
pressing the max operation as an €* norm.”" For this model, 1138
we have 1139

Hd(x,,l, Xy ) = <I)(d)2 g () (x; —x,) {07 -x,),
k

(29) 1140

where g is raised to the d power because the uncertainty 1141

model is written as (®(ge(f*s ),1), i.e., the sandwiched 1142Q:
#12
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1143 nonlinearity is applied after weighting by g (see Ref. 51); see
1144 Sec. IV C and compare Eq. (29) with Eq. (24).

1145 If we restrict our analysis to the special case considered
1146 in Sec. IV C, i.e., g=1 and ti=p5 (t°)=0), we have (at low
1147 SNR) I:I[ll]mf*f (as detailed in Sec. IV C). From Eq. (20) we

1148 also have I:I[IO]=(1), i.e., the target-absent first-order kernel is
1149 essentially featureless. More generally, it is «g*f and there-

1150 fore reflects the extent of the uncertainty window, while I:I[ll]
1151 provides an indirect image of the front-end filter f (see Sec.
1152 IV C for a tentative experimental validation of this result and
1153 Ref. 83 for a discussion of related notions). The uncertainty
1154 model therefore provides an interesting example of how both
1155 target-present and target-absent first-order estimates can de-
1156 liver useful information in a complementary fashion.

1157 B. Toy example 2: Divisive normalization

1158 The other model we consider here is the normalization
1159 model commonly used to implement contrast gain control®
1160 [Fig. 7(c)] with output,

(f,s)

e (0

1161

1162 If internal noise is relatively small, we can log this expres-

1163 sion without affecting our discussion (Sec. III B 1),
((EDAY

r=1log({f,s)) — log(l + —) +log(k).

. 31)

1164
1165 We have assumed >0 in Eq. (30) (necessary to log it); if it
1166 is not, we can approximate it as such by adding a large
1167 constant (which has no effect on choice), logging and using
1168 log(1+x) ~x for x<<1. We can ignore the last additive term
1169 in Eq. (31) (it does not affect the final psychophysical re-
1170 sponse). If k is large compared to the normalizing term (its
1171 numerator), we can approximate the above expression to

1 2

1172 r=log((f,s)) — k((f* s)%,1).

1173 This is now the combined output of a Wiener LN system
1174 log({f,s)), where N is the log operation, and a Korenberg
1175 LNL system —1/k((f*s)?, 1), where N is the squaring opera-
1176 tion [Fig. 7(d)]. We emphasize that several assumptions (e.g.,
1177 small internal noise) and approximations were involved in
1178 this derivation, therefore its utility is primarily qualitative.

1179 C. Real example 1: Spatial uncertainty approximated
1180 by Hammerstein cascade

1181 This section reproduces results from a more extensive
1182 publication51 on the topic of spatial uncertainty. Figure 8(a)

1183 shows a set of I:II kernels for detecting a luminance bar
1184 appearing within a specified spatial range; the range could be
1185 very narrow (no spatial uncertainty), coded by the blue sym-
1186 bols, or very wide (large spatial uncertainty), coded by the
1187 red symbols. Cyan and magenta colors refer to intermediate
1188 uncertainty levels. As expected, the kernels spread over a
1189 progressively wider spatial range with increasing uncertainty
1190 [blue kernel peaks at target location (center of plot), red ker-
1191 nel spreads across x axis]. Figures 8(b)-8(e) show corre-
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FIG. 8. (Color online) First-order and second-order kernels for visual de-
tection under spatial uncertainty (Ref. 51) (data from >110K trials). (a)

Aggregate I-AIl kernels for four different uncertainty levels; uncertainty in-
creases from blue to cyan, magenta, and red. [(b)—(e)] Aggregate second-
order kernels for four different uncertainty levels, color-coded for |Z|>2
(red for positive, blue for negative). For the two smaller uncertainty levels
[(b) and (c)], the central regions of the kernels are magnified for ease of

inspection. (f) Aggregate H, diagonals. (g) Correlation between H, kernel
and I:IZ diagonal (Hammerstein test) is plotted on the x axis vs correlation

between ﬁl and EkI:IZ(:,k) on the y axis for each observer separately. The
former correlation tests for the applicability of a Hammerstein NL(N) cas-
cade (Sec. IV B), the latter for the applicability of a Korenberg LNL(N)
cascade (Sec. IV C); if the phenomenon of interest is well approximated by
either cascade, the corresponding correlation is expected to differ from 0
(see Sec. VIC for details on these two tests). Error bars and shading show
+1 SEM.

sponding ﬁz kernels; because we observed modulations pri-
marily within the diagonal region, we replot I:IZ diagonals in
Fig. 8(f). It is apparent that ﬁ1 kernels [Fig. 8(a)] and ﬁ2
diagonals [Fig. 8(f)] share similar characteristics, a potential
signature of the Hammerstein cascade (see below).

As a first check of whether the general strategy outlined
in Fig. 7 was applicable to this data set, we carried out two
standard tests in nonlinear system identification based on the
following two results:*'"*® for a Hammerstein cascade H,
o«diag(H,); for a Korenberg cascade H,o X H,(:,k). We
therefore expect a positive correlation between the first-order
kernel and the diagonal of the second-order kernel for a
Hammerstein cascade; failing that, we test for a positive cor-
relation between the first-order kernel and the second-order
marginal to check for compatibility with a Korenberg cas-
cade. This strategy is a standard practice in neuroscience
applications (e.g., Refs. 16 and 27) and it essentially relies
on the logic of Fig. 7, whereby the problem is simplified by
approximating the biological system using a well-understood
model with tractable nonlinear operators.

Figure 8(g) shows the result of both tests, Hammerstein
on the x axis versus Korenberg on the y axis. With the only
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1214 exception of the largest uncertainty level (red), all other ker-

1215 nels show significant correlations between H, and diag(H,)
1216 (blue, cyan, and magenta data points fall to the right of the
1217 vertical dashed line at p<<0.01), supporting the applicability

1218 of the Hammerstein model. Correlations between H; and

1219 3,H,(:,k) (Korenberg test) were no different from 0 (at p
1220 >0.05) for any of the four uncertainty levels (data points fall
1221 on the horizontal dashed line), indicating that modulations
1222 outside the diagonal region contained primarily noise (which
1223 eliminated the diagonal correlation). From this analysis, we
1224 conclude that the observed kernel structure is consistent with
1225 a Hammerstein model (Sec. IV B), with no clear evidence
1226 that this model needs further elaboration into a Korenberg
1227 cascade.”’

1228 D. Real example 2: Texture processing approximated
1229 by Korenberg cascade

1230 We have already used this data set in Fig. 5 when dis-

1231 cussing I-AI[II] estimates and their relation to the system front-
1232 end filter (Sec. IV C). Figure 9(a) uses plotting conventions
1233 similar to Figs. 5(a) and 5(c), except both center and sur-
1234 round data are plotted in the same panel (black and blue

1235 traces, respectively) and red is used for the ﬁ2 diagonal as
1236 opposed to I:IZ(xl ,:) (yellow refers to data for the surround).

1237 As in the previous example, ﬁl kernels and ﬁ2 diagonals
1238 share similar characteristics; however, notice that there is a
1239 sign inversion for the surround kernels (compare blue trace
1240 with yellow trace), which is not observed for the center ker-
1241 nels (compare black with red). This sign inversion is not
1242 accommodated by a Hammerstein cascade with a single
1243 static nonlinearity (see Sec. IV B and Ref. 50 for details).
1244 Figure 9(b) demonstrates the sign inversion across observers:

1245 correlations between I-il and diag(I:IZ) [plotted on the x axis
1246 as in Fig. 8(g)] are significantly positive for center data and
1247 significantly negative for surround data (p<0.01). A similar
1248 result is obtained for the Korenberg test (y axis), but in this
1249 case the underlying cascade is able to account for the sign
1250 inversion by applying a linear filter before the static nonlin-
1251 earity with opposite sign for center and surround.” From this
1252 analysis, we conclude that the observed kernel structure is
1253 consistent with a Korenberg LNL(L) cascade; this result is in
1254 line with the existing models of human texture processing,
1255 which are mostly of the LNL type,7’32 also termed filter-
1256 rectify-filter models.*®

1257 E. Real example 3: Nonlinear dynamics on neuronal
1258 timescale

1259 In a previous publication,50 we documented the temporal
1260 dynamics of a simple visual process involving the detection
1261 of a luminance increment within a circular region surrounded
1262 by a large annulus. Figure 9(c) [plotted to the same conven-
1263 tions used for Fig. 9(a)] shows ﬁl (cold colors) and ﬁz di-
1264 agonal (warm colors) for both center (black/red) and sur-
1265 round (blue/yellow). As expected from the antagonistic
1266 nature of center-surround interactions in human Vision,77 the

1267 surround ﬁl takes opposite polarity with respect to the center
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FIG. 9. (Color online) Temporal dynamics of texture (a) and luminance (c)
processing (Ref. 50) (data from >56K trials). (a) shows aggregate (across
observers) first-order (black/red) and second-order (red/yellow) kernels for
both center and surround of an annular stimulus defined by texture modula-
tions (see Ref. 50 for details). Temporal dynamics was captured over a range
of ~i s (see x axis). (c) is plotted to the same conventions as (a) but shows
data for a stimulus defined by luminance modulations. (d) Luminance ker-
nels generated by the model in (f) (traces for center and surround second-
order kernels are not visible separately because of overlapping). (b) and (e)
plot the results from the Hammerstein test on the x axis vs the Korenberg
test on the y axis (see caption to Fig. 8 and Sec. VIC) for texture and
luminance, respectively. (f) shows the luminance model structure (con-
structed around knowledge from retinal circuitry): input stimulus is con-
volved (*) with center-surround receptive field (black and blue smooth AQ:
traces) using first-order filter from primate retinal ganglion cells (Ref. 6). ~ #26
The output from this stage is half-wave rectified and fed onto an accumula-
tor (inverted triangular symbol) implemented by differential equation (see
Ref. 50 for details), then integrated across time (Z,) to yield scalar decision
variable further converted into psychophysical decision. Time-varying sig-
nal from accumulator stage is carried back into circuit with temporal delay
7=60 ms to control gain of linear stage via divisive inhibition (refer to Sec.
VI E for more details). Gain-control loop is highlighted in red. The model
was used to simulate a psychophysical experiment adopting same param-
eters selected for human observers. Shaded regions in (a) and (c) show =1
SEM, in (d) =1 SD across repeated Monte Carlo simulations. Gray rectan-
gular regions indicate the time of occurrence of the target signal.

1:11 (compare blue and black traces). The I:IZ diagonal is es- 1268

sentially identical for center and surround (compare red and 1269
yellow traces) and its time-course differs significantly from 1270

the ﬁl profile, a feature that proved challenging for subse- 1271
quent modeling efforts (see below). 1272

As with the data sets discussed above, we carried out the 1273
two tests that were able to account for those previous results 1274
[see Figs. 8(g) and 9(b)]. However, as shown in Fig. 9(e), 1275
both tests failed: correlation coefficients were not statistically 1276
different from 0 (at p>0.05) for either model (Hammerstein/ 1277
Korenberg) or stimulus region (center/surround), as evident 1278
from the clustering of data points around O (intersection of 1279
dashed lines). This lack of correlation is primarily a conse- 1280
quence of the different temporal dynamics we consistently 1281
observed between first- and second-order kernels [these dif- 1282
ferences were not observed for texture processing, see Fig. 1283
9(a)]. 1284
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1285 Failing the two basic tests detailed above [Fig. 9(e)],
1286 there is no obvious way to proceed in terms of attempting an
1287 approximation using a simple block-model of the kind out-
1288 line in Fig. 7. This is not to say that such an approximation is
1289 impossible: a sufficient number of Korenberg cascades can
1290 approximate virtually any nonlinear system of physiological
1291 interest via variants of the Wiener-Bose model’***%* and
1292 methods have been developed to identify the relevant struc-
1293 ture for specific applications (e.g., Refs. 13 and 63). How-
1294 ever, it may then become more parsimonious to explore sen-
1295 sible and simpler models containing a plausible dynamic
1296 nonlinearity. Figure 9(f) shows an example from this class of
1297 models; its time-varying response r is determined by the
1298 following differential equation:

dr { r(r) ]

1299 dt - bl‘(l— T) +1 +’

1300 where r=f*s_.—f*sg,, f is the front-end impulse response
1301 of a primate retinal ganglion cell [shown by the black trace
1302 in Fig. 9(f)], s, is the center stimulus, sy, the surround
1303 stimulus, b=§, [ 1, is half-wave rectification, and 7=60 ms.
1304 For the purpose of generating a decision variable, we simply
1305 summed r across time (r=(r,1)). The critical component is
1306 the delayed gain-control feedback loop [red in Fig. 9(f)],
1307 which is able to generate dynamics similar to those observed
1308 experimentally [Fig. 9(e)]. The choice of a servo-mechanism

1309 was prompted primarily by the damped profile of the ﬁ2
1310 diagonal [red trace in Fig. 9(c)], which is common in non-
1311 linear feedback systerns,”’87 and by the knowledge that gain
1312 control is a well-characterized phenomenon in both
1313 vertebrate®””" and invertebrate™ retinas. Interestingly, our
1314 earlier work on the dynamics of directional processing in
1315 humans™ required the introduction of a 90 ms temporal de-
1316 lay in the divisive feedback loop of the motion detector
1317 model, a figure comparable with the 60 ms used here.

1318 F. Real example 4: Nonlinear dynamics on cognitive
1319 timescale

1320 Visual adaptation is a complex phenomenon that oper-
1321 ates on a variety of timescales,” typically much longer than
1322 those we considered in Secs. VID and VI E, and provides a
1323 clear example of nonstatic behavior. If we look at a motion-
1324 less object at a given time A, it will look motionless; if we
1325 then observe a moving pattern for a prolonged length of time
1326 (~1 min) and subsequently look back to the same motion-
1327 less object at a given time B, it will appear to move in a
1328 direction opposite to that of the moving pattern we had seen
1329 previously. This motion after-effect is robust and can be eas-
1330 ily experienced even in natural vision.*? Because the visual
1331 input is the same at time A as it is at time B, and yet our
1332 visual system delivers an entirely different percept, the un-
1333 derlying phenomenon is clearly dynamic. However, the rel-
1334 evant dynamics is slow (order of several seconds) compared
1335 to the dynamics we have been interested in so far (Sec.
1336 VI E); it is therefore reasonable to expect that we may be
1337 able to capture the effect of adaptation on kernel structure by
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FIG. 10. (Color online) Effect of visual adaptation on first-order kernels for
processing motion in depth (Ref. 54) (data from ~20K trials). [(a) and (b)]
Smoothed (using Gaussian filter with SD equal to 1 surface pixel) ﬁ, ker-

nels (average across observers) obtained before (a) and after (b) adaptation;

(c) the differential filter [(b) minus (a)]. The stimulus consisted of moving
elements presented at different depths; motion direction is plotted on the y

axis, depth (as delivered via binocular disparity) on the x axis. Red crosses AQ:
indicate signal locations for the target, blue crosses for the nontarget [see #27
Ref. 54 (particularly Fig. 1) for details on the stimulus and experimental
protocol]. (a) and (b) are plotted to the gray scale shown by the top right

legend; (c) is plotted to the scale shown by the bottom right legend. [(d)—(f)]

Slices along direction of motion averaged across the disparity range indi-

cated by the corresponding dashed rectangular regions in (a)—(c) (red for

near, blue for far, black for nonius fixation, i.e., the depth level correspond-

ing to where the eyes fixate). Shaded regions show =1 SEM. Units are
arbitrary because averaging was performed after observer-by-observer nor-
malization (Ref. 54).

probing the system with brief stimuli under different states of 1338

adaptation, a strategy that has been successfully exploited in 1339
physiology (e.g., Ref. 16). 1340

Figure 10(a) shows an H, kernel defined across the di- 1341
mensions of depth (stereoscopic disparity on the x axis) and 1342
motion direction (y axis); the reader is referred to Ref. 54 for 1343
details on the stimulus and experimental design. The target 1344
signal was delivered to the locations indicated by the red 1345
crosses; some kernel modulations colocalize with the signal, 1346
although only to a coarse extent [see Fig. 10(c) for cross- 1347
sections]. Figure 10(b) shows the same measurement per- 1348
formed after prolonged adaptation, and Fig. 10(c) shows the 1349
difference between Figs. 10(b) and 10(a). It is clear that ad- 1350
aptation induced specific changes within the kernels; these 1351
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1352 changes were meaningfully related to the target signal struc-
1353 ture [Fig. 10(f)]. The characterization afforded by this ap-
1354 proach is of course very limited: we only obtain two snap-
1355 shots of the adaptation process, not a detailed time-course of
1356 its dynamics. However, each snapshot is remarkably de-
1357 tailed; this level of detail allows the experimenter to draw a
1358 number of significant conclusions about the underlying
1359 mechanism (see Ref. 54 for an extended treatment of this
1360 topic).

1361 VIl. CONCLUSIONS

1362 We have examined a methodology for characterizing
1363 second-order functional approximations to a general-purpose
1364 sensory apparatus ‘H embedded within realistic experimental
1365 constraints. From a general theoretical viewpoint, the two
1366 main constraints are those summarized in Fig. 1: a distortion
1367 of the input caused by the target signal t and a distortion of
1368 the output caused by the decisional transducer W. Our goal is
1369 to estimate a first-order kernel H, and a second-order kernel
1370 H, that characterize H in the sense of a Volterra approxima-
1371 tion [Eq. (4)]. These estimates can then be used to build and
1372 constrain processing algorithms operating at small scales
1373 (Sec. VI), i.e., via a few components connected in relatively
1374 simple ways.

1375 For the first-order kernel estimate ﬁl, there are impor-
1376 tant differences between estimates obtained from noise fields

1377 containing the target (ﬁ[ll]) and those not containing the tar-
1378 get (ﬁEO]), whenever this distinction is applicable (i.e., t%]
1379 =0). In general, ﬁEO] provides a less distorted estimate of I:II
1380 [although still potentially distorted by higher-order kernels,

1381 see Eq. (22)]. There are instances, however, when I:I[lo] is not
1382 particularly informative, e.g., uncertainty models (see Sec.
1383 IV C). In these instances, the front-end filter f may be esti-

1384 mated more effectively using ﬁ[l], with the caveat that this
1385 estimator reflects fxf not f (see Fig. 5 and Ref. 51).

1386 For the second-order kernel estimate ﬁ2, the distinction
1387 between target-present and target-absent subestimates is not
1388 relevant, because these do not allow reliable measurements
1389 of H, when considered separately. We have shown in Sec.
1390 III A that it is possible to bypass W for a benchmark linear

1391 system (H,=0 for d>1) to obtain ﬁ2:0. This result ensures

1392 that any modulation within ﬁ2 must reflect departures from
1393 linearity, and not simply artifacts introduced by W; any esti-

1394 mator for H, must satisfy this benchmark result. I:Igl] and

1395 I:I[zo] do not, making them unsuitable for the application of
1396 interest. We have further demonstrated that the second-order

1397 estimator based on differential covariance H, is more robust

1398 than that based on differential second-order moments ﬁ2 (see
1399 Sec. V B). A more effective estimation strategy for H, is
1400 therefore achieved via differential covariance, as expressed
1401 in Eq. (6).

1402 A major issue, which we have chosen to ignore in this
1403 article, is whether it is at all possible to reduce the treatment
1404 of animal sensory processing to a functional of the kind ex-
1405 emplified by H here. This is of course a critical issue for the
1406 applicability of the tools we have considered so far. Whether
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the framework adopted here is applicable or not will surely
depend on the specific aspect of sensory processing that is
being considered, on the animal system which implements it,
and on the kinds of stimuli and measurements that are being
carried out; ultimately, it is an empirical question that can
only be answered effectively by transferring the theoretical
concepts explored here to the laboratory.
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