M athematics

1 Series
Binomial; Logarithmic; Geometric; Exponential.
2 Vectors
Unit vectors; Scalar and vector products.
3 Coordinate systems
Cylindrical polar and spherical polar coordinates.
Averages and standard deviation
Complex numbers
Differentiation
Ordinary and partial differentiation.
7 Integration
Path integrals
8  Vector calculus
Scalar and vector fields. Gradient, divergence and curl
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Series:

Binomial series

N!

N _— - N n ,N-n N _
(X +Y) _nZoC" X"y where C) = AN =11

eg. (X+y)*=x*+4x3y+6x°y+4xy +y*

in particular
(1+x)° :1+ax+a(a_1) x? L@ -2) X3+ o,
2! 3!
1 2 U3
mzl—x+x -X° . =1-x for x«1
1 2 U3
ﬁ:1+x+x +X° =1+x for x«1

L ogarithmic series [by integration of (3) and (4)]

MmL+x)=x—2x*+1x° ... =X for x « 1

1.3 =

MmL-x)=-x-32x*-3x>..... -x for x«1

Geometricseries  [derived from (4)]

a 2 3
ﬁ:a+ax+ax +ax” +....... to o«

Exponential series

2 X3
e :1+X+E+§+ ....... =1+Xx for x« 1

hencefrom e* = cos(x) +i sin(x)

x> x* x2 .
cos(x)=1—5+z+ ...... =1—E for x « 1 radian
3 5
sn(x):x—§+§ ...... = X for x « 1radian
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Vectors

Unit vectors

A unit vector has unit length. The length of avedor a is designated |aj or simply a. A unit
vedor inthe direction d aisdesignated a. So

~_a

a= ﬁ
The unit vedorsinthe x, y and z diredions of a mnventiona right handed set of axes are
designated i, j and k.

It follows that the vedor, r, from the origin to the paint (x,y,z) is
r =Xxi+yj +zk

Products of vectors

27

b

There aetwo that we need to be familiar with:

() Thescalar product, a.b, of two vedorsa andb isascalar given by:
a.b = ab cos(0)
So, for the unit vedorsi, j, k, it foll ows that:
i.i=1, ij=0, i.kk=0andso on.

Since a=ad +aj +ak andb =Db +byj + bk it followsthat the scalar product,
a.b, can also be expres=d as:

ab =aby+aby +ab,

An example of the scdar product isthe work, W, dore by aforce F, when it displaces
its point of adion by avedorr:

W=Fr=FRx+FRy+Fz
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(if) The vector product axb

27

b

The magnitude of axb isthe areaof the parallelogram formed by the vectors a
and b. So:

laxb| = absin(6)

Thedirection of axb is perpendicular to the flat area of the parallelogram

formed by the vectorsa and b. A convention is needed here to choose between
the two oppositely directed aternatives.

The direction of axb isdefined asthat in which a
right hand screw, pointing perpendicular to aand b,
would progressif the slot in the head were rotated
from alignment with a to alignment with b (by the
shorter route). So, in the diagram shown, axb points
into the paper.

It follows that bxa is oppositely directed to axb, i.e. bxa = —axb.

From the definition of [axb| weseethatixi=j xj=k xk =0.

In sympathy with the right hand screw rule, the conventional right-handed set
of axesisonefor whichi xj =k (and, of coursej xk =i and k xi=j).

An alternative statement of the vector cross product of a and b, as you can

verify, is
i ] kK

axb=lay, ay a,|=(ayb, —a,by)i+(aby —asb,)j+(axby —ayby)k
by by b,

Examples:

The force on a charge (q) moving with velocity (v) in amagnetic field (B) is:
F=qvxB

Thetorque exerted by aforce (F) at positionr is T =r x F. (Thisisthe torque about
an axisin the direction of r xF through the origin.)

The angular momentum of a particle at r with linear momentump isL =r x p.
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Cylindrical polar co-ordinates

Thelocaion d apaint in 3-D space ca be spedfied by its cartesian coordinates (x,y,2) or
by any other specificdion that determines the point uniquely. The cylindrical polar system,
shown in the diagram below, is one posshility.

Thevedor OR =r locaes the point that has coordinates (x,y,2) or (p,@.z). The two sets of
coordinates can, o course, be derived from eachother.

To expressx, y and zin terms of p, ¢ and z we proceed as foll ows:
OW=p

X =0X = OW cosp = p cosp

y=0Y =OW sing=p sing

z=0Z=z

The inverse relationships are

10y L
F

<

tan~

¢

X

Z=Z

The diagram &l so shows the conventional (right handed) set of unit vedors p, ¢ and 2
at the paint (p,@,z) for cylindricd polar coordinates.
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Spherical polar co-ordinates

Thelocaion d apaint in 3-D space ca be spedfied by its cartesian coordinates (x,y,2) or
by any other specificaion that determines the point uniquely. The spherical polar system,
shown in the diagram below, is one posshility.

Thevedor OR =r locdes the point that has coordinates (x,y,2) or (r,6,¢). The two sets of
coordinates can, o course, be derived from eachother.

To expressx, y andzintermsof r, 8 and @ we procee as foll ows:
OW =rsnb

Xx=0X = OW cos@=r sinb cosp

y=0Y =0W sing=rsind sing

z=0Z =r cosH

The inverse relationships are

r=+«lx2+y2+22

6= tm_l%@E
d * ¢

10

<

@= tan

C
E

x

The diagram also shows the @nventiona (right handed) set of unit vedors 7 , © and o
at the paint (r,0,¢) for spherical poar coordinates.
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Averages

The average of a continuous function is the constant value that has the same area under it
as the function itself. So, in the diagram, the average value of f(x), i.e. f(x) , between x;
and x, is given by

f (X) X(X2 — X1) = shaded area = ff(x)dx

X1

flx)
This can be stated more generally as
X2
J' f(x) dx
— X
o) = 2o
2 I dx
Xy

The deviation of f(x) from its mean value is defined as f (x) — f (x) . The average of the
deviation, over a particular range of X, isidenticaly zero; i.e.

f(x)-f(x)=0

Standard deviation.

The standard deviation of f(x) is auseful measure of the extent to which the function
deviates from its mean. Since the average of the deviation, f (x) —f (x) , is always zero we
turn to the average of the square of the deviation to get a non-vanishing result.

——\2
The mean square deviation is (f (x)—f (x))

The standard deviation, SD, is the root mean square deviation:

SD = \/ (fo0-T60)°
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Complex numbers

Complex numbers are two-dimensional objeds, so we first draw attention to the ammmon
groundbetween complex numbers and two dmensional vedors.

2-D vedors (unit vedorsi, j) Complex numbers
¥ ¥
irmag)
(%) (z3)

A cos(P)i = A cos(d) | (el X

The ‘vector’ from the origin to the paint (X,y) is:

A=Xi+V] A=x+]jy
= Acos(q) i + Asin(¢) A=A =Acos() +j Asin(g) A=A
= A[cos(@) +] sin(@)]
=A€°
In either case:

Azpl=A= ey =

The algebra of complex numbers

Thisis quite different from 2-D vedors (prodicts of vedors are discussed elsewhere).

Multiplication:

d* &%= &9, so multiplying the mmplex number A = Ae® by * produces the new
complex number A€, and so the representative vedor is rotated anticlockwise by
the angle a.

In particular multi plying avedor by j (= €™) rotates it anticlockwise by 172, and
multi plying twice by j rotates it anticlockwise by 11(180°), so

PA=-A
Thinking of ‘j’ asa90° rotation operator iswhally legitimate, in which casej? = -1is
quite intuiti ve. However, in complex arithmetic ‘j’ is ~/=1.[ j2 = "xd™ = "= -1]

Thevedor B = B € isavedor, of length B ,rotating anticlockwise & angular
frequency w.
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Complex conjugate:

If x+jy=A€e® then x-jy=Ae’® andso:
(X +iY)(x ~jy)= AP AeT?= A% =x" +y?

Division:

If x+jy=A€e® then
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Differentiation

Differentiationis abou how the value of afunction changes in resporse to small changes
in the parameters on which it depends.

One independent parameter:
We will cdl theindependent variable x, and the dependent variable f(x).

fiz)

B+ 8x)

fix) 2

af

b4 2+6x

Asindicaed onthe graph, a change, dx, in the value of x, produces a dhange, &f, in the

value of f. It is apparent from the diagram that as dx is made very small, the ratio g_f tends
X

to the limiti ng value tan(B), where 0 is the angle that the tangent at x makes with the x-
axis.

The notation g_f is used as ashorthand form for: Limit 5, ¢ %E

X

g_f [ =tan(B) ] isan indivisible quantity and canna be split into a‘df’ anda‘dx’.

The same argument shows that:

dx . OX 1 1

— = Limit = cot(0) = =

dof o -0 E= O = e T o o
X

Example:

2
For f(x) = € * , we can approach the evaluation o 3—;( in two ways.

indiredly diredly
j_f = —2xe X x(f) = J=In(H)
X
dx _ 1 _ 1 dx

_1 -1-1C
_E In(f) 2 fE

o ~ odf O —x2 of

E& H 2xe

Approximations to the value of f(x)
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If we were to estimate the value of the functionat x + dx, our first approximation would be

F(x + BX) = f(X) + Bx tan(8) = f(x) + ﬁ%ﬁ Bx

where Laf [l isthe value of ar at the paint x.
E&a dx

ie. 8 = f(x + &%) - f(x) = %ﬁéx

Thisisalinear approximation sinceit is based onthe assumptionthat f(x) isastraight line,

with gradient j—f , inthe vicinity of x.
X

. . . . d odf O d*f . .
However, if the gradient of f(x) is changing, then — = —— isnonzero, andf(x) is
ox x5~ o2

bending away from the tangent at x. The second, or quadratic, approximation to the value
of f(x + &x) turns out to be

Odf O 1000,
f(x + &x) =f(x) + oX + — OX
P =T BB 2Eee
The full expressonfor f(x + dx), containing all the terms resulting from the higher
derivatives of f(x) at the paint x, iscdled Taylor’s ries. It takes the form:

Oa?f O3t

_ df O O 0
f(x + dx) =f(x) + E&B(B + EWE (5%)* + %%ﬁ (5%)° + etc.

X

df of
- and -
dx OX

Strictly spe&king :—f isto beregarded as an indivisible quantity with a speafic value
X

(tan(B)). It canna be split into a‘df’ and a‘dx’. However, we have seen that, for
sufficiently small ox,

df _ of

dx  ox

Since &f and dx are separate small i ncrements, they can be split up and the &ove equation
(aswe have drealy noted) is equivalent to

of = i6x
dx
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Consider the example of the volume of asphere; i.e. V(r) = gnrg'.

Thisgives Z—V = 4172 . However, for sufficiently small
r

or, we may approximate

and so asmall change, or in radius, produces a small
change, &V in vdume, given by:

OV = 411 or

Thisisnosurprise, sincethe increase in vdume for avery thin layer must be the surface
area(41r?) x thickness(dr).

['Y oumay wish to satisfy yourself that
— 3 3
OV =4m(r+or)’ - 2

leads to the same result in the limit of small dr. In this case ‘small’ means or < r.]

Generaly, physicists do nd agonise much abou the distinction between j—f (an
X

indivisible quantity) and g_f (theratio of two small quantities), andwill use df and dx to
X

represent small i ncrementsin f and x.

Thus N a2
dr
is rewritten directly as dV = 4m? dr

‘dV’ and ‘dr’ now being used to represent the incremental forms.

Somerules:;
Chainrule:
dg dg _df
If g= andf =f(x), thenn. —==—x—
9=90) ) dx df dx

Differentiation d a product:
dh dg df

If h(x) = f then: T x99 4 g 3
(9 = 100xg0), then: 1 =fx J+gx=

. . u(x) 1L
A qudient like h(x) = ——= can betreded asaproduct: h(x) = u(x)x ET[
(x)C

V(x)
Partial Differentiation
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When afunction depends on more than one parameter, there are correspondingly more
derivatives.

If f(x,y,z) isafunction of three independent variables x, y and z, then an extension of our
earlier argument shows that small changes dx, dy and &z in x, y and z, produce a small
changein the value of f given by

of O Cof O of O
of = oX + oy + oz
BH,” T By, T B,

It is necessary to specify independent variables because ?l{;—fﬁ implies changing x while
X Z

keeping y and z fixed. If y depended on x through y = y(x) then it would be impossible to
change x without changing y also.

A famous example isthefirst law of thermodynamics, which relates to the entropy,
S(E,V,N), expressed as a function of the independent variables E, the energy of the system,
V, the volume of the system and N, the number of particles in the system.

Small changes dE, 8V and dN produce achangein S given by:

oSO 0o0S O 00S O

0S= Eﬁ_EH/N oE +Eﬁv&,,\] oV +B3_N&,V oN

[ To put thisin context you have to know that 1 = B)—SH

T DEL
system containing a fixed number of particles (N = 0), the above equation becomes the
familiar

P [0S
and ?—%Q'N,so,fora

OE=T3S-PoV ]
Second derivatives:

ﬁ strictly means 52 E,‘i% E

oxdy =% oy g

It can be shown that the order of partia differentiation is unimportant, so
%f 9%

oxdy  0dyox
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Differentiating sums

N
Consider theexample ~ Z = Z(B, Ey, Ez, Eg,.... En) = 5 e PE 0
i=1
0Z _ & _ g . . o
Then i —z Ee [since B appearsin every termin (i)]
0Z _ BE; . . .
and aE =—Be " [since E; appearsin only onetermin (i)]

Differentiating integrals

S
a B
If g(a) = J'f (x) dx mcremental area
0 = &g
= fio)do. for o — 0
then 999 _¢ (g
oL oL+ 0o
area = g{ot)
Proof:
a+da a a+da
I f(x) dx—If(x) dx I f (x) dx
do(e) _,  [Ola+3m)-g@0 g > _ s _f@da o
d °H & H 3 3 5

A small increase in a produces achangein g given by &g = % oa =f(a)da, asthe
o}

diagram shows.

Example:
[}
_ T X3 dg
If g(T) —I dx, where 0 is a constant, evaluate —
Oe -1 dr’
a X3
Firstput%za.gisnowafunctionofu, namelyg(a):I = 1dx
0€ ~
dg _ dg da _ ng 80 Ua g

Now 2= _1 -——_ 7
N AT T dudT da ﬁH@ 1%}25 e 1
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Path Integrals

Anintegral isthe name we give to the aldition d (infinitesimally) small quantiti es.

A path is a defined route from one point to ancther. The diagram below shows a path,
ABCD, from A to D.

A path integral isthe summation d small quantiti es defined for each (infinitesimal)
element of length of the path. dr isan infinitesimal vector element of the path.

We will designate the length of dr by dr.
NOTE:

C dr means Imming the lengths of the dements.
path ABCD

So I dr =the total length of the path ABCD.
path ABCD

whereas

dr means Imming the small vedorsdr.
& il path ABCD

So J’ dr =R [ the vedor AD ]
path ABCD

Of course, the integrand wsually takes amore compli cated form. For example, the total
work, W, required to move aparticle dong the path ABCD invaves adding up the
elements —F.dr, where F isthe forcewhich ads on the particle & ead path element dr.

So W=- F.dr
path ABCD

The caculation d W is smplified if the force F, isthe same & all points onthe path; for
example, when moving amassm in the gravitational field near the earth’s surface. In that
case F isthe constant vedor mg. For the path ABC, we find:

B oo d_}fﬂ\ ________ c at all elementson AB, —F.dr = -mg.dr = +mg dfr;
a al eementsonBC, —F.dr =-mg.dr =0
m gl Tdr i So
v W =- F.dr =mg dr =mgh
A path ABC path AB

Closed paths:

The path integral rounda dosed path (i.e. ore that starts and finishes at the same paint) is
designated f]S :

So 95dr = the circumference of the path,
and E]Sdr =0.
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Vector calculus

Scalar fields:

A scdar field @(x,y,z) isafunction d pasition that has asingle numericd value (i.e. a
magnitude) at each pant. For example, the scdar field ‘height’ has a single value & each
point (X,y) ona contour map.

At any paint (x,y,z) afunction @(x,y,z) may have different slopes, EDIE;_@ - , %@S
X @12 [ﬁy |3(,2

and B@—ﬁ , inthe x, y and z diredions. From these avector may be @nstructed at any
z
y

point acording to the prescription

ia_(p+ja_(p+ka_(p:D(p

ox "oy 0z

[ is $horthand for the differential operator (i ai +jai+kai). Thesymba O is
X y z

pronourced DEL or GRAD.
The diredion d the vector Ogat any point is unique for any well-behaved function.

We shall now prove that the vector O pointsin the diredion in which @increases most
rapidly and its magnitude is the rate of change of @in that diredion. We prove the second
statement first

Proof:
Inasmall step or =idx +joy + kdz from the paint (X,y,z) the changein @is

@X+OX,y+0y,z+02) — @(X,y,Z) = 0 = 99 OX + a_(pg,y + a_‘Pg,Z
0X ay 0z o
= d@.or [from the definition d the scdar product] &

= | Ol |3r| cos(B) Br

The dependence on cos(8) shows that the greatest change in @ for afixed step length
isadiieved when 6 = 0, i.e. when the step, or, istaken in the diredion d Clg.

The maximum changein @in astep of length |3r| isthen,
Ofmax = |Deg|Or |

e
o

So the magnitude of the vedor Clgis |ch = , I.e. the maximum rate of change

of ¢. [QED]
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We shall now prove that the direction of (@ is perpendicular to the contours of ¢. Note
that in 2-D the contours are lines (as on amap), but in 3-D the contours are surfaces.

Proof:

If the step or istaken along a contour (i.e. in adirection in which the value of ¢ does
not change), call it or, then

O@.orc=0p=0
It follows that the angle between g and or is 172 (90°).

So the direction of steepest ascent (or descent) at a point (x,y) on amap is perpendicular to
the contour line through that point (any fool knows that!).

In 3-D the directions normal to the unique direction Qg at the point (x,y,z) define alocal
surface of constant .

Vector fidds

A vector field A(x,y,z) has amagnitude and adirection at any point.
A(XY,2) =1 Ax(X,y,2) +] Ay(X,y,2) + kK ALX,y,2)

To define avector field the three (scalar) components of
the vector must be specified at each point; i.e. each of Ay,
Ayand A;isascalar field.

The magnitude of A is

A =|A|= A2 +AZ+A?

A vector field is defined by three scalar fields Ay, Ay and A,. So, whereas a scalar field has
three independent derivatives, a vector field has nine, namely

oA, oA, oA,
0X oy 0z

0A, oA, 0A,
0Xx oy 0z

0A 0A 0A

Y4 Z Y4

0Xx oy 0z

Thisisnot as bad as it seems! When we look at the physical properties of vector fields we
find that only two combinations of the above derivatives are required. One, the divergence,
embodies three of the nine derivatives and the other, the curl, embodies the remaining six.
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Divergence ( DIV, [1.)

The divergence of avector field A is:

.0 .0 0., )
OA=(i—+j—+k—).(iA+]A,+ kA
(ax Jay aZ)( x ] Ay 2)

0A
ie 0A= oA, Oy [ OA,
0X ay 0z

Note that [J.A isascalar field and involves the derivatives on the diagonal of the above
array.

Fields for which [0-A = 0 everywhere are called solenoidal.
Curl (Ox)

The curl of avector field A is;

.0 .0 0 ) )
OxA=(i—+]—+k—I)x([i Ay +] A, +k A
(it thg XA Ay vk A)

[ j k
-9 90 90
ox ody o0z
Ay Ay Ay
_0A, O0A ., 0A,  0A 0A, 0A
=i(S2 )+ (-2 ) Tk (=)
oy 0z 0z 0x 0X oy

Note that [JxA isavector field and involves the off-diagonal derivativesin the array on the
previous page.

Fields for which 00xA =0 everywhere are called irrotational.
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